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Abstract 
This document is a first proposal for an extension of PSL toward real-time and 
analog properties. It represents mainly the work of Verimag and Weizmann with a 
participation of ST in giving insights about the the design and validation of such 
circuits. Additional useful information about analog design was provided by 
sources outside PROSYD, including Dolphin SA, CEA/LETI, Intel, Professors 
Rutenbar and Krogh from CMU and Prof. Hedrich from Hannover. 

Purpose 
The purpose of this document is to lay a foundation for usage of temporal logic in 
design an analysis of analog and mixed signal systems. 

Intended Audience 
This document is intended for formal methods researchers who are interested in 
extending their work to the analog and mixed signal domain. This document will 
enable them to understand the fundamental problems associated with the transition 
to this domain. It is also intended as introductory reading for designers who are 
interested in validating circuits of analog and mixed signal type. This document 
demonstrates the advantages and limitations of using formal methods for validation 
of these kinds of circuits. It should be considered as a first step to bring these two 
communities closer. 

Background 
                  See section 2.  

 



Contents

1 Intr oduction 4

2 Background 5

3 Behaviors 8

4 Properties 10

5 SignalTemporal Logic 11
5.1 Intuition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

5.1.1 Infinite State-Space. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
5.1.2 DenseTime . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
5.1.3 CombiningInfinite State-Spacewith DenseTime . . . . . . . . . . . . . . 12

5.2 FormalDefinitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
5.2.1 Signals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
5.2.2 Real-timeTemporalLogic . . . . . . . . . . . . . . . . . . . . . . . . . . 13
5.2.3 Real-ValuedSignalsandSTL . . . . . . . . . . . . . . . . . . . . . . . . . 15

6 SomeExamples 17
6.1 Following a ReferenceSignal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
6.2 Stabilzability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

7 Potential Extensions 23
7.1 SimpleExtensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

7.1.1 Events. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
7.1.2 Past . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
7.1.3 RegularExpressions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

7.2 RicherTemporalProperties. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
7.3 Infinitary Properties. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
7.4 Non-TemporalProperties. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

8 Additional RelatedWork 26
8.1 Monitoring . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
8.2 Verification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
8.3 WorkshopOrganization. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2



ExtendingPSLfor AnalogCircuits Introduction 3

9 Conclusions 28

A
A Hierar chy of Reactive Models 32
A.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
A.2 A Property-BasedFramework for SpecificationandVerification . . . . . . . . . . 32
A.3 Reactive Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

A.3.1 A ComputationalModel: Fair DiscreteSystems. . . . . . . . . . . . . . . 34
A.3.2 PropertySpecificationLanguage. . . . . . . . . . . . . . . . . . . . . . . 34
A.3.3 SystemDescription. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
A.3.4 Monitorsfor PSL Properties . . . . . . . . . . . . . . . . . . . . . . . . . 35
A.3.5 Verificationof Properties. . . . . . . . . . . . . . . . . . . . . . . . . . . 35

A.4 Extensionsfor Metric Time: ClockedTransitionSystem . . . . . . . . . . . . . . 35
A.4.1 A ComputationalModel: ClockedTransitionSystems . . . . . . . . . . . 35
A.4.2 PropertySpecificationLanguage. . . . . . . . . . . . . . . . . . . . . . . 38
A.4.3 ModelingLanguages. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
A.4.4 MonitoringReal-Time Properties . . . . . . . . . . . . . . . . . . . . . . 40
A.4.5 Verificationof Real-timeProperties . . . . . . . . . . . . . . . . . . . . . 41
A.4.6 CaseStudies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

A.5 Extensionto ContinuousSignals:PhaseTransitionSystems. . . . . . . . . . . . . 41
A.5.1 A ComputationalModel: PhaseTransitionSystems. . . . . . . . . . . . . 41
A.5.2 PropertySpecificationLanguage. . . . . . . . . . . . . . . . . . . . . . . 45
A.5.3 ModelingLanguage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
A.5.4 MonitoringandVerificationof Hybrid Properties . . . . . . . . . . . . . . 46



1 Intr oduction

This documentis a first proposalfor anextensionof PSLtowardreal-timeandanalogproperties.
It representsmainly the work of Verimagand Weizmannwith a participationof ST in giving
insightsaboutthethedesignandvalidationof suchcircuits. Additional usefulinformationabout
analogdesignwasprovidedby sourcesoutsidePROSYD,includingDolphinSA,CEA/LETI, Intel,
ProfessorsRutenbarandKrogh from CMU andProf.Hedrichfrom Hannover.

Therestof thedocumentis structuredasfollows:

� Section2: scientificandtechnologicalbackgroundof thiswork, emphasizingthesharpcon-
trastin maturitylevelsbetweendigital andanalogverification.

� Section3: continuous-valuedsignalsandtheproblemsrelatedto their processingby com-
puters.

� Section4: propertiesin thecontext of suchsignalsandcharacterizationthetypeof properties
thatwe focuson.

� Section5: the major part of this documentwherewe introducethe specificationlanguage
STL (SignalTemporalLogic) thatwe develop. We startwith anintuitive explanationof the
way it treatstheparticularfeaturesof signals,namelyinfinite state-spaceanddensemetric
timeandthenproceedwith formaldefinitionsof thesyntaxandsemanticsof STL.

� Section6: someexamplesof STL formulaeandof signalsthatsatisfyandviolatethem.

� Section7: asketchof somefurtherpossibleextensionsof thelanguage.

� Section8: someadditionalrelatedwork thathasbeenconductedwithin PROSYDbut is not
partof thecurrentdeliverable,namelythedevelopmentof propertymonitorsfor STL andthe
exhaustiveverificationof someanalogcircuitstestcases.

� Section9: Conclusions.

In AppendixA we presentadditionalbackgroundmaterialwhich placestheproposedextensions
in a moregeneralcontext of a hierarchy of modelsfor reactive systems.Theapproachtakenthere
modelsa reactive systemas a fair discretesystem. We then considerthe extensionsneededto
handlereal time andcontinuoussignals,showing how theseextensionscanstill be modeledas
discretetransitionsystems.We show how this modelingcansupportdeductive andalgorithmic
verification.
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2 Background

Westartby situatingtheroleof thiswork-packagewithin PROSYD.Propertybasedsystemdesign
meansthatasystemis characterizedby asetof propertiesit shouldsatisfy. Thesepropertiesspec-
ify, in a formal language,which tracesof I/O behaviors thesystemmayexhibit while interacting
with its externalenvironment. Therearebasicallytwo approachesfor validatinga systemwith
respectto a givenproperty. Both of themarebasedon transformingthepropertyinto a property
monitor, a mechanismthatcheckswhethera givenbehavior (sequenceof I/O events)satisfiesthe
property. Thismonitorcanbeviewedeitherasanautomatonacceptingexactly thesetof satisfying
behaviors [VW86] or asa procedureworking recursively bothon the lengthof thesequenceand
on thesyntacticstructureof theproperty.

In simulation/testinga modelof thesystemis usedto generatesimulationtraces,andeachof
thoseis checkedby themonitor. If oneof thetracesviolatesthepropertythesystemis incorrect.
However sincethesystemis to beexposedto a potentiallyinfinite (or prohibitively large)number
of inputs, it is impossibleto completethis procedurefor all possibleinputs. A large effort in
this domainis aboutthe systematicgenerationof test-casesthat somehow “cover” all classesof
behaviors.

Thegoalof algorithmicverification is moreambitious.The transitiongraphof thesystemis
exploredin orderto show that all the sequencesit cangenerateareacceptedby the monitor. A
majorproblemhereis thatof state-explosionasthenumberof statesof thesystemis exponentialin
thenumberof state-variables(memoryholdingelements,in thecaseof digital circuits). Much of
thecurrentresearchin verificationis aboutfindingcleverwaysto copewith thissituationandabout
developingthemethodologicalaspectsof property-basedsystemdesign,asthePROSYD project
attemptsto do. This work-packageis concernedwith extendingthis methodologyto analogand
mixed-signalsystems.To assessthe contrastbetweenthe respective situationsin the digital and
analogdomainsit is worth recallingtheevolutionof (digital) formalverificationup to thepresent:

� Earlywork onprogramverification(1965-1977).

� Introductionof TemporalLogic asa formalismfor specifyingpropertiesof reactive systems
(Pnueli1977).

� Work ondeductive (partly-manual)verificationfor TL (1977-present).

� First model-checkingalgorithmsfor fully automaticverification(QueilleandSifakis1980,
EmersonandClarke 1981).

� First workshoponcomputer-aidedverification(Grenoble,1989).
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6 Background ExtendingPSLfor AnalogCircuits

� First symbolicmodel-checker thatcould treatsystemswith state-spacetoo large to beenu-
merated(McMillan 1992).

� Thedevelopmentof industrial-strengthverificationtools(1993-present)

� The Intel bug andthe proliferationof formal verificationinto the semi-conductorindustry
(1995).

� Thedevelopmentof Sugar (1994-1998).

� Acceleradiscussionsthatculminatein PSL(1998-2004).

� ThePROSYDprojectstarts(2004)

As we cansee,it took almost30 yearsto pushtheoreticalideasinto industrial-strengthtools
andalongtheway, in additionto impressive algorithmicdevelopment,culturalgapsbetweenthe-
oreticiansandpractitionershadto be bridged. Verificationis foundeduponlogic, automataand
semanticswhich arepart of theoreticalcomputerscience. To a certainextent someknowledge
of thesetopics is part of the backgroundof digital designersvia Booleanlogic and sequential
finite-statemachines.In theotherdirection,mosttheoreticalcomputerscientistshave a basicun-
derstandingof digital circuits, at leastat the gateandflip-flop level of abstraction.Conferences
likeCAV: Computer-AidedVerification, aswell ascollaborationsbetweenresearchersandindustry,
contributeda lot to thecreationof a commonverificationculture.

Thesituationin theanalogdomainis radicallydifferent.Theelectricalbehavior of transistors
in digital circuits is just a meansto realizelogical gates.This implies that thefunctionalcorrect-
nessof acircuit canbevalidatedusinganabstractmodelthatcorrespondsto asequentialmachine,
without worrying too muchaboutthe physical realization. Suchphysical detailsmay influence
“non-functional” propertiesof the circuit suchas timing or power consumption,but the logical
abstractionis robust with respectto suchvariations. In contrast,the functionality of analogcir-
cuits is defineddirectly in termsof continuouselectricalquantities.As suchthey aremuchmore
sensitive to unavoidable(andsometimesrandom)perturbationsfrom the overall operatingenvi-
ronmentsuchasvoltagefrom thesupply, temperature,noisefrom nearbyelectronicsor noisefrom
fundamentalsourcessuchasthe physicsof the insidesof the basictransistors.Oneunpleasant
consequenceof this situationis that importantparametersof thecircuit dynamicsaredetermined
only afterphysicalplacementor evenfabrication.

Thebehavior of analogcircuitsis simulatedandanalyzedusingmodelsof continuousdynami-
calsystemsspecifiedby differentialandalgebraicequations.Systematicmathematicalsupportfor
theseactivitiesexiststypically only for linearsystems.Thecultureof designersmayincludemany
non-digitalpartsof electricalengineering,includingsignalprocessingandits mathematicalbasis
(Fourier analysis,informationtheory), linear algebraandlinear systemstheory, numericalcom-
putationsandof course,intimateknowledgeof thebehavior of real transistorsandof thephysics
of the particularapplicationdomainsin which the circuits areused. Most of thesedomainsare
outsidethebackgroundof computerscientists.Thehistoryof theattemptsto export formal verifi-
cationmethodologytowardmodelsadmittingreal-valuedvariablesanddensetime is muchshorter
andis outlinedbelow:
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� First attemptsto definespecificationformalismsand computationalmodelsfor real-time
systems(1985-1995).

� Positive resultsconcerningtheverificationof timedautomata(Alur andDill 1990[AD94]).

� A first proposalto verify hybrid systems(Maler, MannaandPnueli1991).

� Developmentof thealgorithmicapproachfor theanalysisof timedand“linear” hybrid au-
tomata(Henzingeret al); First tools: Kronos(timed automata,Verimag),Hytech(hybrid
automata,Berkeley); Negative undecidabilityresultsthatshow thatexactverificationis im-
possibleeven for systemswith few continuousvariableandvery simpledynamics(1992-
1998).

� Developmentof thefirst toolsfor approximateverificationof continuousandhybrid systems
having non-trivial continuousdynamicswith few statevariables(Checkmate,CMU 1999;
d/dt, Verimag2000;Hysdel,ETH 2000);Control systemsanalysisis the main application
domain.

� First attemptsto applyformal verificationto analogcircuits(2002-present).

As onecansee,theverificationof systemshaving continuousvariablesis, provably, muchmore
difficult than that of finite-statesystems,andthat verification tools for suchsystemsarestill in
their infancy. Beforetrying to export verificationmethodologyto analogcircuits we shouldfirst
clarify the motivation for doing so. Chipswith analogor RF function on themarenotoriously
difficult to getright on thefirst try, soanything we do thathelpsuncover morefunctionalflaws or
“bad behaviors” in subtlecornersof theperformancespaceis regardedasworthwhile. Designers
of suchcircuits do usemathematicalmodelsfor analyticalandnumericalcomputations,but the
treatmentof thesemodelsis morein theengineeringandappliedmathematicstradition,withoutthe
carefulsemanticandmethodologicalconceptsdevelopedfor modelingdigital concurrentsystems.
Sincethe importanceof analogcomponentsgrows assystemsbecomemoreintegratedon a chip
andmoreembeddedin thephysicalworld, any contribution towardacceleratingtheirdevelopment
will havesignificanteconomicconsequences.It is believedthatformalmethodswill occupy some
complementarynicheamongthecurrently-useddesignmethodsfor analogsystems,asthey already
do for digital systems.

The goal of the analogpart of PROSYD is to lay the foundationfor suchfuture progressby
developingverificationmethodsfor analogandmixed-signalcircuitsandby proposingextensions
to thepropertyspecificationlanguage(PSL)thatwill allow designersto specifydesiredproperties
of suchcircuitsandto checkwhethergivenbehaviors of thesystemsatisfythem.



3 Behaviors

A behavior of asystemis afunctionfrom atimedomainto its state-space.In discretesystems,such
asautomata,thetimedomainis typically adiscretelinearly-orderedsetwhich is order-isomorphic
to thenaturalnumbers(weignoreherepartialordersusedsometimesfor distributedsystems).This
time domainis moreof a “logical” natureratherthanmetric. This meansthat we areinterested
morein theorderamongtheeventsratherthanthereal-timetemporaldistancebetweenthem. In
otherwords, if we take a behavior of a systemand“accelerate”partsif it without changingthe
orderof events,thebehavior will beconsideredaspracticallyequivalentandwill satisfythesame
setof properties.In digital synchronouscircuits,this timedomainoftencorrespondsto theticksof
themainclock,andhencesomemetricaspectsof timearerepresented.Thestate-spaceof adigital
systemconsistsof all possiblecombinationsof valuesof memoryholdingelements.At thegate
level this meansessentiallyBooleanvectorsand,moregenerally, thepossiblevaluesof registers,
encodedaswell in binary. Hencea behavior of a digital systemcanbeviewedasa sequenceof
states,��� � �

.
In analogsystemsthe statevariableshold continuousquantitiessuchasvoltageandcurrent

which areperceivedasrealnumbers.Unlike digital systemswheresuchvaluesareobservedonly
atcertaintimeinstants,in analogsystemsweareofteninterestedin theevolutionof thesequantities
over the entiretime axis. Mathematicallyspeaking,suchbehaviors areviewed assignalsof the
form ��� ��� �

. This muchrichertypeof objectsraisessomeconceptualproblemsthatdo not
exist in digital sequences.

Thefirst problemis relatedto theeffective representationof signals,a pre-conditionfor their
treatmentby computers.Digital sequencescanbe simply representedby a list � �
	���
 � ������
������

that
specifiestheirvalueateachtimeinstant.Analogsignalscannotbewholly specifiedin thiswaydue
to thedensityof realnumbers.In somecasesthey canbespecifiedby aclosedform expression,for
example � � ������������� ��!

, while for thepurposeof simulationthey arerepresentedvia discretization
of both the time domainandthe state-space.For the latter, onetypically usesthe floating-point
numbers,a finite but ratherdensesubsetof the rationals. Thus insteadof sayingthat � � ���"�$#
for some

#&% �
, we can only say that � � ���'�(#*)

where
#*)

is a floating point numberin the
neighborhoodof

#
. Much of theresearchin numericalanalysisandsimulationtools is concerned

with the effect of suchimprecision,accumulationof errors,etc. We do not considerthis to be a
majorissuein thedefinitionof temporalpropertiesof signals.

The finite representationof the time domainandthe valuesof the signalon it is muchmore
problematic.Therearetwo basic(non-analytic)waysto giveafinite representationof asignal.The
first approachis basedon uniform sampling.A discretizationstep + is chosen,andthediscretized
time domainis setto be thesequence+ 
�, + 
������

. A signalis thenspecifiedas � ) � � � + !-
 � �., + !/�����
.

This leadsto an inherentlossof informationaswe do not know the valueof the signalbetween

8



ExtendingPSLfor AnalogCircuits Behaviors 9

two samplingpoints. This meansthat � )
representsan infinitude of signals,all thosethat agree

with � )
onthesamplingpoints.This representationcanbeinterpretedasdefiningaspecificdefault

signal(piecewise-constant,piecewise-linearor otherinterpolation)which canbemadeascloseas
wewantto � (usingvariousmetrics)by making + smaller.

Thecomplementaryapproachfor representingsignalsis by usinga non-uniformsubsetof the
time domain. For example,one may uselarge discretizationstepswhen the signal value is in
“less important”partsof thestate-space,andthenusemoredensesamplingwhenthe valuesare
in the importantrange. In the samespirit, we canrequirethat the discretizedtime domainwill
includeall instantswhenimportanteventsdo happen,for examplewhenthe valueof a variable
crossessomepre-definedthreshold.It is clearthatusingthis approachdifferentsignalswill have
differentdiscretizedtime domainsasthey crossthresholdsat different times. Theseapproaches
aresometimesreferredto as“time-triggered”and“event-triggered”sampling.

Theseconsiderationswill have practicalconsequencesaswe definewhat it meansfor a given
signal to satisfy a property. However, sincethesefeaturesof the signal presentationmay vary
dependingon thesimulationmethodusedandotherdetails,we adoptthe following strategy: we
definethesemanticsof thespecificationlanguagein termsof theidealmathematicalobjects,that
is, signalsof theform �0� ��� �

, andonly whenconsideringconcretealgorithmsfor checking
satisfactionwe referto theactualfinite presentationof thesignal.

It is alsoworth mentioningthat the richnessof the mathematicalrealsallows one to define
pathologicalsignalssuchas thosewith infinite frequency1 which shouldbe excludedfrom the
discussion.However, oneshouldbecarefulbecauseit is not alwaysclearwhat is to beassumed
andwhat is to beproved. For example,if we know thevaluesof � at two samplingpoint

�
and

� )
,

wemayusesomeboundonthetimederivativeof � to deduceboundsonits valueduringthewhole
interval

� �1
2� ) �
, but sometimestheboundon thederivative canbeexactlywhatwewantto verify.

1For example,signalswhich are 3 on rationalsand 4 on irrationals.



4 Properties

In digital verification propertiesare usedto distinguishbetweengood and bad behaviors. The
simplestandmost frequentlyusedpropertiesspecify the absenceof certain“bad” statesin the
sequencein question.More sophisticatedpropertiesspeakof theoccurrenceof certainsequential
patternsin the behavior, for example,“ 5 is followed by 6 ”. The two mostpopularspecification
stylesarebasedon temporal logic andon regular expressions, respectively. Onedifferencebe-
tweentheseformalismis thattraditionallytemporallogic is moreadequatefor multi-dimensional
signalswhile regularexpressions,at leastclassically, wereorientedtowardmonolithicalphabets.
Themaindistinguishingfeaturebetweenthetwo is in theoperatorusedfor sequencing.Temporal
logic usesthe until operator(or its pastanalogue,the sinceoperator),while regular expressions
useconcatenation(concatenationwasalsointroducedinto temporallogic via the“chop” operator).
Both formalismsarevery naturalin thecontext of digital sequentialmachinesandaresupported
by thePSLlanguage.On theotherhand,they arequitedifferentfrom theway continuoussignals
areevaluatedby practitionersandtheoreticiansin domainsthatarerelevantfor analogsystems.

Perhapsthemostnaturalwayto introducepropertiesto thesedomainsis to startfrom themore
generalnotionof performancemeasure. A performancemeasureis a function thatmapsa signal
into oneore morenumbersthat measureits quality, andcanserve asa basisfor preferringone
signalover theother. Suchmeasurescanbebasedon integratingthevalueof thesignalover time,
onits beingperiodic,onthefrequency spectrumof thesignaloronits distancefromsomereference
signalthatdescribesthe idealbehavior of thesystem.Fromthis point of view, propertiesarejust
aspecialtypeof performancemeasurewhichmapsignalsinto a two-valuedBooleandomain,that
is, goodandbad.

Sincethegoalof this partof PROSYD is to extendproperty-basedsystemdesignfrom digital
to analogsystems,thefirst proposalfor languageextensionis to adaptthe“sequential”formalisms
usedin theformerto continuousandmixedsignals.Suchformalismsarenew to analogdesigners
andthefirstproposedextensionwill providethemwith anew languagethatcanexpressphenomena
they could not expressso far, at leastnot in a systematicandexplicit manner. In further stages
of the projectwe will alsoattemptto includein our languageadditionalfeaturesthat formalize
otherperformancemeasurescurrentlyusedby designers.In therestof thedocumentwe focuson
signal temporal logic (STL), developedwithin this work-package,a naturalfirst-orderextension
of propositionallinear temporallogic which addressesthe two conceptualdifficulties mentioned
above: densemetrictimeandinfinite state-space.
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5 Signal Temporal Logic

5.1 Intuition

Westartwith aninformaldescriptionof thedesigndecisionsfor theproposedlanguageextension.

5.1.1 Infinite State-Space

The building blocksof temporallogic for digital systemsare the atomicpropositions,symbols
that refer to instantaneousvaluesof Booleanstatevariables.Fromtheseatomicpropositionsone
constructsstateformulaeby meansof Booleanoperations. Eachstateformulaethus definesa
subsetof the state-space.At any time instant

�
onecancheckwhetherthe Booleanvector � � ���

satisfiesastateformula.
For real-valuedvariablesthestate-spaceis infinite (andevennon-countable)andenumeration

of its elementsis impossible. Subsetsof
�

aredefinedusingsymbolicexpressions(formulae,
constraints,inequalities)thatneedto besatisfiedby a state

#7�8�9#;:�
������<
2# � !
in orderto belongto

thesubset.Suchconstraintscanvary in complexity, startingwith simple“rectangular”constraints
of theform

#>=�?A@
, throughmoregenerallinearinequalitiesof theform

5 :.#;:CB 5<D # D BFE�E�E�
�B 5 � # � ?G@
to morecomplex algebraicandtrigonometricones.Sincetherangeof possibilitieshereis infinite,
we will parameterizethedefinitionof the logic by theprimitive constraintsused.That is, if H �
I�JK:-
�������
2J �ML is a setof constraints,eachof which defininga characteristicfunction of the formJC= � � � , thenthesetof temporalformulaethatcanbeconstructedfrom thesebuilding blocks
will becalledSTL

� H !
.

5.1.2 DenseTime

As previouslymentioned,theconceptualdifficultiesassociatedwith moving from discreteto dense
time aremuchmoreimportant.In fact,theneedfor dense“asynchronous”time formalismsis not
restrictedto analogcircuits andcanbe very useful for the functionalanalysisof digital systems
whicharenotclockedor for finer timing analysisof digital circuitsin general.If we look at the“ 5
followedby 6 ” specification,we seethat it saysnothingaboutthetime betweenthesetwo events.
If we modeldigital circuits in moredetailat the level of gatesplusdelays,their performanceand
eventheir correctnessmaydependcritically on thetiming parameters.During thelast15 yearsa
lot of effort hasbeeninvestedin extendingspecificationandverificationmethodologyfrom purely

11



12 SignalTemporalLogic ExtendingPSLfor AnalogCircuits

discretesystemsto such“timed” systems.Theseextensionsincludethedevelopmentof thetimed
automatonmodel,which is an automatonaugmentedwith fictitious clock variables,andwhose
behaviors consistof discrete-valuedcontinuoussignalsor of eventsseparatedby non-uniform
periodsof time. Somemembersof theconsortiumareactively involvedin modelingdigital circuits
with bi-boundeddelaysusingtimedautomata.As aspecificationformalism,numerousextensions
of temporallogic havebeenproposedin orderto expressthemetrictimeaspectsof suchbehaviors.
A timed extensionof regular expressionshasbeenproposedrecentlyandhasbeenshown to be
equivalentin expressivepower to timedautomata[ACM02].

After having investigatedthe timedextensionsof temporallogic we have chosento baseSTL

on the real-timelogic MITL [AFH96], obtainedfrom classical“untimed” temporallogic via the
following modifications:

1. The Next operatorsis dropped.In untimedsequences,Next refersto the next logical time
instant,which is, of course,meaninglessin thedenseorderover thereals.

2. The other temporalmodalitiesare replacedby timed temporalmodalitieswhich have an
interval

�ONP
2Q7�
(with

N
and

Q
integerssuchthat

N�?RQ
) asa parameter. This interval restricts

thetimevariablesin thestandardsemanticsof theseoperatorsto bewithin this interval. For
example,in the untimedformula eventually S , we saythat thereexists sometime

�
in the

futuresuchthat S holdsat
�
. In thetimedversionof this formulawe addtheconstraintthat�T%R�ONP
2Q7�

relative to thepresent.

Much of theeffort in this work-packagewasdirectedtowardstudyingthepropertiesof this logic
andthedevelopmentof monitoringproceduresfor checkingwhethera signalsatisfiessucha for-
mula.

5.1.3 Combining Infinite State-Spacewith DenseTime

Thesemanticsof STL(H ) is definedin two phases.The initial formula U is constructedfrom the
stateconstraintsin H andtheBooleanandtemporaloperators.Thenthis formula is transformed
into an MITL formula U )

by replacingeach
JC=

with a propositionalvariable S =
. In parallel, the

signal � to becheckedis transformedinto a Booleansignal � )
in which S =

is consideredastruein
� )

at time
�

if
JC=

is satisfiedby � � ���
. Hence� satisfiestheoriginal STL formula U if f � )

satisfiesthe
MITL formula U )

.

5.2 Formal Definitions

In this sectionwe formalizetheproposedlogic andits semanticdomain.While doingsowe take
into accountthe major validationmethodthat we develop for this logic, namelymonitoring. In
thepresentationwe usethemathematicalnotationfor thetemporaloperatorswhich canbeeasily
transformedinto theactualsyntaxof PSL.
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5.2.1 Signals

Let thetime domain betheset VXW of non-negative realnumbers.A finite lengthsignal � over
a domain is a partial function �Y� � whosedomainof definition is the interval Z �[�\	�
^]_!

,]`% VXW . We saythat the lengthof the signal is
]

anddenotethis fact by a\�Ma �b]
. We usethe

notation � � ���/�dc
for every

�fe a\�ga .
Signalsover differentdomainscanbecombinedandseparatedusingthestandardpairingand

projectionoperatorsaswell asany pointwiseoperation.Let � : � � :
, �hDi� � D , � : D"� �:�j D and �hk"� � k besignalsandlet lm� :�j D"� k beafunction.Thepairingfunction

is definedas

� :"n ��D � � : D if o � � : D � ���/�p� � :�� ���q
 �hD � ����!-�
andits inverseoperation,projectionas:

� :r�ts;:�� � : D ! �hD �Fs D � � : D !��
Thelifting of l to signalsis definedas

�hk � l � � :�
 �hD !
if o � �hk � ���/� l � � :�� ����
 �hD � ����!-�

Note that if � :
and �hD differ in length, the convention l �9#u
�cv!w� l �.cx
2#�!w�yc

guaranteesthat
a\�hkMa �Gz{���C� a\� : a 
 a\�hDMa ! .

In therestof this document,unlessotherwisestated,we restrictour attentionto Booleansig-
nals,

�
. In thiscase(andfor discretedomainsin general)all reasonablesignalsarepiecewise-

constantandcanbe representedby their valueson a countablenumberof intervals. An interval
covering for an interval Z �|�\	�
^]_!

is a sequence} � Z :�
 Z^D �����
of left-closedright-openintervals

suchthat Z =�� Z and Z =/~ Z^� �A�
for every �0��t�

.
An interval covering } is said to be consistentwith a signal � if � � ���v� � � ��)q�

for every
�1
2��)

belongingto the sameinterval Z = . In that casewe canabusenotationandwrite � � Z =�! . We say
that a signal � is of finite variability if it hasa finite interval covering. It is not hardto seethat
suchsignalsareclosedunderpointwiseoperations,pairingandprojection. We restrictourselves
to signalsof finite variability whichare,by definition,non-Zeno.An interval covering } is saidto
refine } )

, denotedby }R��} )
if ouZ % }��*Z ) % } )

suchthat Z{��Z )
. Clearly, if } )

is consistentwith
� , sois } .

Wedenoteby }*� theminimal interval coveringconsistentwith afinite variability signal � . The
setof positive intervals of � is } �� ��I Z % }*���"� � Z !{� � L andthe setof negative intervals is
}T�� � }*�*�m} �� . A Booleansignal �"� � canberepresentedby thepair

� a\�ga 
 } �� !
. Suchasignal

is saidto beunitary if } �� is a singleton.Clearlyany Booleansignal � of finite variability canbe
writtenas � � � :>� �hD �m������� ��� whereall � =

areunitaryandtheboundariesof their corresponding
positive intervalsdonot intersect.

5.2.2 Real-timeTemporal Logic

We considerthe logic MITL � ��� ��� asa fragmentof thereal-timetemporallogic MITL, introducedin
[AFH96], suchthat all temporalmodalitiesarerestrictedto intervals of the form

� 5 
 6 �
with

	��
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5 ? 6 and 5 
 6 % VXW . Moreonvariousdialectsof real-timelogic canbefoundin [AH92, Hen98].
Theuseof boundedtemporalpropertiesis justifiedby thenatureof monitoringwherethebehavior
of asystemis observedfor afinite timeinterval. Henceunboundedtemporalpropertiesareavoided
sincethey mayhaveanambiguousmeaningwhenmonitoringfinite behaviors. Thebasicformulae
of MITL � ��� ��� aredefinedby thegrammar

U�� � S�a���U a�U :�� U¡Dva�U :.¢ � ��� ���£U¡D
whereS belongsto aset ¤ �AI S :�
������<
 S �_L of propositions.FrombasicMITL � ��� ��� operatorsonecan
deriveotherstandardBooleanandtemporaloperators,in particularthetime-constrainedeventually
andalwaysoperators:

F � ��� ��� U �
T

¢ � ��� ��� U and G � ��� ��� U � � F � ��� ��� ��U
We interpret,MITL � ��� ��� over ¥ -dimensionalBooleansignals. Thesatisfactionrelation

� � 
^��! a �
U , indicatingthatsignal � satisfiesU startingfrom position

�
, is definedinductively asfollows:

� � 
^��! a � S ¦ s>§¨� � !�� ���©�
T� � 
^��! a � ��U ¦ � � 
2��! �a � U� � 
^��! a � U :�� U¡D ¦ � � 
2��! a � U :
or

� � 
^��! a � U¡D� � 
^��! a � U :.¢ � ��� ����U¡D ¦ � ��)ª%«� �;B 5 
2�;B 6 �¬� � 
^��)q! a � U¡D and
o � ) ) %R� �1
2� ) ��
�� � 
2� ) ) ! a � U :

Notethatour definitionof thesemanticsof thetime-bounded­*¥ � � N
operatordiffersslightly from

its conventionaldefinitionsinceit requiresa time instant
� ) %«� �CB 5 
2�CB 6 �

whereboth
� � 
^� ) ! a � U¡D

and
� � 
2� ) ! a � U :

. This definition doesnot have any repercussionon the derived ®�¯ª®�¥ � ­u5 NPN±°
and

5 N±² 5 ° � operatorswhich retaintheir usualsemantics:
� � 
^��! a � F � ��� ��� U ¦ � ��)>%��;BA� 5 
 6 �¬� � 
2��)q! a � U� � 
^��! a � G � ��� ��� U ¦�o ��)>%��;BA� 5 
 6 �¬� � 
2��)q! a � U

A signal � satisfiestheformula U if f
� � 
�	�! a � U .

According to the standardsemanticsfor temporallogic, the satisfaction of a formula with
unboundedmodalitiescanrarelybedeterminedwith respectto afinite signalor sequence.In fact,
only thesatisfactionof FS or theviolation of GS canbedetectedin finite time. By usingbounded
modalitieswe avoid theproblemsrelatedto theambiguityof a � whenappliedto finite signalsor
sequences.Nevertheless,evenfor M ITL � ��� ��� certainsignalsaretooshortto determinesatisfactionof
theformula,for examplethepropertyG � ��� ��� F � ³2� ´µ�¶S cannotbeevaluatedonsignalsshorterthan 6 B�·

.
Hencewerestrictourselvesto signalswhicharesufficiently long. Thenecessarylengthassociated
with a formula U , denotedby a�a\U¸a�a , is definedinductively on thestructureof theformula:

a�a S�a�a � 	
a�a\�KU¸a�a � a�a\U¸a�a
a�a\U :�� U¡D_a�a � z{¹�º»� a�a\U : a�a 
 a�a\U¡DMa�a !
a�a\U :�¢ � ��� ����U¡DMa�a � z{¹�º»� a�a\U : a�a 
 a�a\U¡DMa�a !�B 6

Thereadercanverify that �¼a � U is well definedwhenever a\�Ma�½pa�a\U¸a�a .
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5.2.3 Real-ValuedSignalsand STL

In this sectionwe extendour semanticdomainandlogic to real-valuedsignalsto obtaina dense-
time variantof first-ordertemporallogic. While Booleansignalsof finite variability admita finite
representation,this is typically not thecasefor real-valuedsignalswhichareoftenrepresentedvia
sampling,that is a sequenceof time stampedvaluesof theform

�9�1
 � � ����!
. Althoughwe definethe

semanticsof the logic in termsof themathematicalobjects,signalsof thefrom �'� � ¾ , we
cannotignoreissuesrelatedto theireffectiverepresentationbasedontheoutputof somenumerical
simulator.

Our logic, to be definedin the sequel,doesnot speakaboutcontinuoussignalsdirectly but
rathervia a setof static abstractionsof the from

J � ¾|� . Typically
J

will partition the
continuousstate-spaceaccordingto thesatisfactionof someinequalityconstraintson therealvari-
ables. As long as

Ji� � � ����!
remainsconstantwe do not really careaboutthe exact valueof � � ���

.
However, in orderto evaluateformulaewe needthe samplingto besufficiently denseso that all
suchtransitionscanbedetectedwhenthey happen.Theproblemof “eventdetection”in numerical
simulationis well-known andcanberesolvedusingvariablestepadaptive methodsfor numerical
integration.

However this may raiseproblemsrelatedto finite variability andZenoness(infinitely many
statetransitionsin a boundedinterval of time). Consideran abstraction

J � � definedasJ¸� #�!x�(�
if f

# ½ 	
andconsidera signal � that oscillateswith an unboundedfrequency around

theorigin. Sucha signalwill crosszerotoo oftenandits abstractionmayleadto Booleansignals
of infinite variability. Theseareeternalproblemsthatneedto besolvedpragmaticallyaccording
to the context. In any casethe dynamicsof mostreasonablesystemshave a boundedfrequency,
andeven if we addwhite noiseto a system,the frequency remainsboundedby the sizeof the
integrationstepusedby thesimulator. Fromnow on we assumethatwe dealwith signalsthatare
well-behaving with respectto every

J
, that is,

Ji� � !
hasa boundedvariability andevery changeinJ¸� � !

is detectedin thesensethateverypoint
�

suchthat
J¸� � � ����! ��G¿���zxÀ�Á�ÂrÀ�Ji� � � � ) ��!

is includedin the
sampling.

Definition 1 (SignalTemporal Logic) Let H �|I�JK:�
�������
2J �ML be a collectionof constraints, ef-
fectivefunctionsof the form

JC= � ¾ � . An STL
� H !

formula is an MITL � ��� ��� formulaover the
atomicpropositions

J�:<�9#�!�
������^J � � #�!
.

Any signalwhich is well-behaving with respectto H canbetransformedinto aBooleansignal
� ) � � �

suchthat � )K�ÃJK:�� � ! a�a J D � � ! a�a ����� a�a J � � � !
is of boundedvariability. By construction,

for everysignal � andSTL formula U , �¼a � U if f � ) a � U )
in theMITL � ��� ��� sensewhereU )

is obtained
from U by replacingevery

J�=-�9#�!
by apropositionalvariableS =

.
Theprocessof checkingsatisfactionof an STL formula U by a signal � decomposesinto two

parts. As a first stepwe constructa Boolean“filter” for every
JC=f% H which transforms� into a

Booleansignal S ="�pJC=-� � !
. The signalthusobtainedcanbe checked for satisfactionagainstthe

correspondingMITL � ��� ��� formula U )
.

To illustratetheBooleanfiltering process,considerthesignal
������� ���

where
�

is givenin degrees
and

J¸� #�!��|# ½ 	
. The signal is of length Ä 	�	

and is sampledevery Å 	
time units plus two

additionalsamplingpointsto detectzerocrossingat
�1Æ�	

and Ç�È 	
. Theinput to theBooleanfilter is�.	É
�	É� 	�!�
É� Å 	É
�	É� Ê È�È !�
�����	�	�
�	���Ë�Æ Ä !-
���� Å 	É
�	É� Å !-
����1Æ�	É
�	É� 	�!-
��.,X	�	É
 � 	É� Ç�Ä ,�!�


�., Å 	É
 � 	É��Ë Ç Ë�!-
�� Ç 	�	É
 � 	É� Æ È�È !�
�� Ç�Å 	�
 � 	��Ì��Ê Ç !-
�� ÇXÈ 	É
�	�!-
�� Ä 	�	�
�	É� ÈXÄ�Ç !
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andtheoutputis aBooleansignalS suchthat } �§ �dI*�
	É
���Æ�	X!-
�� ÇXÈ 	É
 Ä 	�	�! L .



6 SomeExamples

In this sectionwe demonstratesometypical propertiesthat can be expressedin STL and give
examplesof their satisfactionandviolation by signals.

6.1 Following a ReferenceSignal

As a first examplewe show how thefact thata signalfollows anothersignalwith somedelaycan
be expressedin STL. We considertwo periodicsignals

#u:
and

# D , rangingin
� � ��
�BÍ���

andwant
to expressthepropertythanwhenever oneof themcrossesthethresholdof

	���Ê
, sodoestheother

within
�f%R� Ç 
 Å �

timeunits.Thecorrespondingpropertyis:

G � W � k�WµW � �^� #u: ½ 	É� Ê�! � F � k � Îµ� � # D"½ 	É� Ê�!�!��
Let usfix thefirst signalto bethesinusoid#;:�� ���/�G�������9Ï»��!-

andlet

# D beasignalgeneratedby # D � ���/�G������� ÏÐ� �;B«·�!�!CBFÑ
where

·
is a randomdelayrangingin

� Ç 
 Å �
degreesand

Ñ
is anadditive randomnoise.Figure6.1

shows thetwo signalswhere
# D is generatedwith negligible

Ñ
andhenceit’s form is closeto that

of
#;:

. TheBooleansignalsS :
and S�D arethe Booleanabstractionof

#;:
and

# D , respectively, via
theconstraint

# ½ 	É� Ê
. In otherwords,they show thepointsin time whenthesignalssatisfythis

constraint.ThemonitoringproceduregeneratesBooleansignalsfor all sub-formulae,for example
thesignalF � k � Îµ� �9# Dv½ 	É� Ê�!

is high at all pointsin time
�

for for which
# Dv½ 	É��Ê

at time
�rB���)

with��)¬%Ò� Ç 
 Å �
. Thelastsignalin Figure6.1shows thetruth valueof themainformulaeover time,and

sinceit is trueat timezero,thesignalssatisfytheproperty.
In Figure6.2)we have chosento generate

# D with muchlargeradditive noise
Ñ¼%d� � 	É� Å 
�	É� Å �

.
Thefluctuationsin thevalueof

# D arereflectedin theBooleanabstractionSÉD andleadto aviolation
of thepropertyatsomepointswhere

#u: ½ 	É� Ê
is not followedby

# D�½ 	É� Ê
within thepre-specified

time.

6.2 Stabilzability

Thesecondexampleis avery typicalstabilizabilitypropertyusedextensively in controlandsignal
processing.The systemin questionis a “plant” hasto maintainan outputsignalarounda fixed

17
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Figure6.1: A
,
-dimensionalsignalsatisfyingthepropertyG � W � k�W�W � �^� #;: ½ 	É� Ê�! � F � k � Îµ� �9# D"½ 	É��ÊX!�!

.
Booleansignalscorrespondto theevolution of thetruthvaluesof sub-formulaeover time.
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level despitedisturbancesfrom theoutsideworld. Theactualsystemusedto generatethisexample
is a water-level controllerfor a nuclearplant. Thedisturbancescomefrom changesin thesystem
load that triggerchangesin theoperationsof the reactorthatchangethewaterlevel. Therole of
thecontrolsystemis to stabilizethewaterlevel again aroundthedesiredvalue.

This property(Figure6.4) we seethat the outputsignal
°

violatesthe propertyboth by over-
shootingbelow �vÇ 	

andby takingmorethan
� Å 	

timeunitsto returnto
� � 	É� Å 
�	É� Å �

.
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satisfyingthe stabilizability property
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7 Potential Extensions

In this sectionwe mentionseveral possibleextensionsof the proposedlogic, someof which are
subjectto ongoingwork to bereportedin DeliverableD1.3/2.

7.1 SimpleExtensions

Herewe mentionextensionsthatmayaddsomeexpressive power but arebasedon thesameprin-
ciplesasSTL andexpressthesametypeof properties.

7.1.1 Events

MITL andSTL arestate-basedformalismsandassuchthey cannotdistinguishapoint in timewhere
S becomestruefrom otherpointswhereS is simply true. Usingprimitive suchas Sòñ and Sòó for
the rising andfalling of S , onecanexpresspropertiessuchasboundedvariability (the distance
betweenany two successivechangesis at least

·
) as:

G � W � ôÌ� �^� SwñÉ� G � W � ´µ�¶S !�ïð� SwóÉ� G � W � ´����CS !�!��
Thereis no problemin addingthis featureto the logic exceptfor slightly complicatingthemoni-
toringproceduredueto theneedto considerall combinationsof left/right closed/openintervals.

7.1.2 Past

Pastoperatorsdo not addexpressive power to temporallogic but sometimesfacilitatetheexpres-
sionof certainproperties.Oneadvantagethey have over futureoperatorsis that theconstruction
of monitorsfor pastformulaein a form of deterministictimed automatais muchsimpler(this is
a new resultobtainedby consortiummembersandwill bediscussedin DeliverableD3.2/6). The
semanticdefinitionof pastoperatorsis symmetricto thoseof futureoperators.

7.1.3 Regular Expressions

Addingtiming constraintsto regularexpressionsis donein adifferentstylethanin temporallogic.
Thetiming restrictionis realizedby the õ.U»öÌ÷ operatorwhichconstrainsthemetriclength(duration)
of thesignalssatisfying U to be in an integer-boundedinterval Z . We sketchherethesyntaxand
thesemanticsof timedregularexpressionsasintroducedin [ACM02]. A variantof this formalism,
adaptedto real-valuedandmulti-dimensionalsignals,will bepresentedin deliverableD1.3/2.

23
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Theset ø �Pù¸!
of timedregularexpressionsover analphabet

ù
, is definedrecursively aseither

5 , U :_E U¡D , U :_� U¡D , U :_ï U¡D , U»ú or õ.U»öÌ÷ where5 %ûù
, U 
 U :�
 U¡D % ø �Pù¸!

and Z is aninteger-bounded
interval. We usethe notation 5 ô for a signalwhosevalue is constantly5 and its metric length
(duration)is

]
. Thesemanticsof timedregularexpressionssharescommonfeatureswith standard

regularexpressionsin whatconcernsBooleanoperations,concatenationandKleenestar. Thetwo
specificfeaturesarethesemanticsof theatomicsymbols,definedas� � 5 � �/�AI 5 ô � ]ü% � L 

that is, thesetof all 5 -signalsof arbitraryduration,andthesemanticsof thetime restrictionoper-
atorwhich is � � õ�U;öÞ÷ � �/�A~�I �i�*� %«� � U � �Éï a\�ga % Z L �
Herearesomeexamplesof expressionsandtheir semantics:

� Expressionõ.5¨ö-ý W � k � denotesthesetof 5 signalsof lengthin
�P	É
 Ç �

.

� Expressionõ.5 E 61ö-ý W � k � denotesall signalscomposedof an 5 part followedby a 6 partwhere
thesumof durationof thetwo partsis in

�P	É
 Ç �
.

� Expression
� õ.5 E 6�öhý W � k � ! ú denotesall signalscomposedof zeroormorerepetitionsof elements

of
� � õ�5 E 6�ö ý W � k � � � .

� Expressionõ � 5 E 6 ! ú ö ý W � k � denotesall signalsof total durationin
�.	É
 Ç �

, consistingof zeroor
morerepetitionsof 5_6 signals.

� Expressionõ.5 E 61ö�k E�@¬ï 5 E õ.6 EÉ@ öÌk denoteall signalsof thelogical from 5¨6 @
suchthat

@
starts

Ç timeunitsafterthebeginningof thesignalandendsÇ timeunitsafter 6 starts.

7.2 Richer Temporal Properties

All propertiesdiscussedso far are basedon static abstractionsfrom the continuousstate-space
into Booleans.This meansthat valuesof a signalat different time instantscan“communicate”
only throughtheir Booleanabstractions.For examplewe candefineconstraintson the temporal
distancebetweena point

�
where

#þ� ��� ½ @
anda point

� )
where

#ÿ� � ) �*?A·
but we cansaynothingin

STL aboutthedifference
#þ� ��� � #ÿ� � ) �

. To beableto speakof suchpropertieswewill needto extend
thelogic with non-Boolean“filters”, thatis, operatorsthattransformreal-valuedsignalsinto other
real-valuedsignals. Suchoperatorscanbe memorylesslike point-wisearithmeticoperations,or
operatorswith memorysuchasintegrators.Theconstructionof monitorsfor this typeof properties
will have to rely onblocksfor suchoperatorsthatexist in therespective simulationtools.

7.3 Infinitary Properties

Temporallogic is traditionallyinterpretedoverinfinite sequencesfor whichit canexpressinfinitaryÏ
-propertiesthatspecifyrepeatedlyoccurringpatternsandperiodicbehaviors. Sinceour work is

gearedtowardmonitoringwhich works,by definition,on finite signals,we will not considersuch
extensionsat thispoint. Life is difficult enoughwith continuoussignalof finite duration.
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7.4 Non-Temporal Properties

Fromdiscussionswith designersit turnsout that frequency-domainpropertiesof signalsarevery
usefulfor evaluatingcertaincircuits.Suchpropertiesarequitedifferentfrom time-domainproper-
tiesandwehope,towardtheendof theproject,to proposesomeformalsupportfor them.Monitor-
ing for suchpropertieswill bebasedon runningthesignalthroughtime-to-frequency transforms,
suchasFourier’s,andcheckingthepropertiesof theobtainedspectrum.



8 Additional RelatedWork

Thissectionprovidessomeadditionalinformationthatallows thereviewersto situatethework on
languageextensionin thegeneralcontext of theanalogactivities of PROSYD.

8.1 Monitoring

Monitoring is not partof thecurrentdeliverableandwill bepresentedlaterin DeliverableD3.2/6.
However we find it useful to report the progressmadein this direction,becausethis is the ul-
timateapplicationof the proposedlanguageandhenceits major adequacy criterion. So far we
havedevelopedandimplementedamonitoringprocedurefor STL [MN04]. Thisprocedurereadsa
propertyandareal-valuedsignal,transformsit into aBooleansignaland,throughbackwardprop-
agation of truth values,establishessatisfaction. This procedure,dueto its backward nature,can
only beappliedoffline, thatis afterthesimulationhasterminated.A prototypeimplementationof
sucha monitoringprocedurehasbeeninterfacedwith Matlab/Simulinkandusedto generatethe
monitoringexamplesin Section6.

Wearecurrentlyworkingonthedevelopmentof anonlineprocedurethatcansometimesdetect
violation or satisfactionof certainformulaebasedon a prefix of the simulationtrace. Suchan
extensionrequiressomenew theoreticalresultsaboutthedeterminizationof timedautomata.

8.2 Verification

In parallelwith the work on monitoring,we continuewith our efforts to pushthe limits of ex-
haustive verificationof analogcircuits. In the paperattachedto this deliverableasan appendix
[DDM04] we apply verificationtechniquesto two analogcircuits. We usereachabilityanalysis
techniquesfor hybrid systemsto verify a Biquadlow-passfilter andanothertechnique,basedon
bounded-horizonoptimalcontrol,to show thata Sigma-Deltamodulator(animportantingredient
of analogto digital converters)doesnot reachasaturationpoint.

8.3 Workshop Organization

Membersof theconsortium,togetherwith otheracademicandindustrialcolleaguesorganizethe
first workshoponverificationof analogcircuitsto beheldin EdinburghonApril 2005.It is hoped
thatsucha forum will increasetheawarenessof analogdesignersto thepotentialcontribution of

26
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formal verificationto thedesignprocessandwill alsodivert someof theenergy of theverification
communitytowardtheseproblems.



9 Conclusions

We have presentedthemajor ingredientof theextensionof PSLtowardanalogcircuits, the logic
STL thattakesinto accounttheparticularfeaturesof analogsignals.This logic is alreadycovered
by a monitoringprocedurethatcanchecksatisfactionof STL formulaeby simulationtraces.The
next stepsfor thesecondyearof theprojectare:

1. Morediscussionswith analogdesignersin orderto getsomefeed-backontheproposedlogic
andits suitability for describingpropertiesof certaincircuits. Onedifficulty is thatanalog
designerstendto beverybusypersonsanddonothavetimeto investin ideasthatcomefrom
analienculture. In a recentmeetingbetweenVerimagandST in Agrateit wasdecidedto
look atflashmemoryspecificationsasapossibletest-case.Effort will bemadeto meetmore
designersfrom otherSTsites.

2. Enrichingthelogic with someof thefeaturesmentionedin Section7 with priority to adding
events,richer temporalpropertiesandtreatmentof regular expressions.Someof the deci-
sionswill bebasedon feedbackfrom designers.

3. Improving themonitoringprocedureto work asonlineaspossibleandto treattheextensions
to thelogic.

28
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Appendix A
A Hierar chy of ReactiveModels

A.1 Intr oduction

This appendixpresentsthe extensionsinto real time andcontinuoussystemsasan evolution of
a hierarchy of models,wherethe baselineare the untimedsystemsnormally consideredwithin
hardwaredesign.

Mostof thematerialwhich follows is basedon [MMP92] and[KMP00].

A.2 A Property-BasedFramework for Specificationand Veri-
fication

A property-basedframework for specifyingandverifying temporalpropertiesof reactive systems
mustcontainthefollowing components:

� A computationalmodeldefiningthesetof behaviors(computations)thatareto beassociated
with systemsin theconsideredmodel.

� A propertyspecificationlanguagefor specifyingpropertiesof systemswithin themodel. In
our case,PSL is thebaselinespecificationlanguage,which this reportshows how to extend
in orderto captureadditionalmodelingfeatures.Otherfragmentsandvariantsof temporal
logic have beenconsideredin differentcontexts. To be of practicaluse,a descriptionof a
specificationlanguageshouldbeaccompaniedby typical casestudies,illustratinga charac-
teristicclassesof propertiesandhow they areexpressedin thespecificationlanguage.

� A systemmodelinglanguagefor describingsystemswithin the model. We frequentlyuse
botha textual programminglanguageandappropriateextensionsof thegraphicallanguage
of statecharts[Har87] to presentsystems.In the context of hardwaredesign,appropriate
languagescouldbeVHDL andVERILOG, aswell astheSMV input language.

� A recipefor constructinga propertymonitor for anarbitraryspecification.This monitor is
mainly usedin testingfor checkingwhethera behavior satisfiesa specifiedproperty, where
the behavior caneitherbe generatedthroughsimulation,or by probingan existing imple-
mentation(run-timetesting).

32
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� A set of verificationmethodsenablinga fully automaticverification of whethera given
modelsatisfiesagivenspecification.

To encompasstheproposedextensions,we considera hierarchy of threemodels,eachextending
its predecessor, asfollows:

� A reactivesystemsmodel that capturesthe qualitative (non-quantitative) temporalprece-
denceaspectof time. This modelcanonly identify thatoneeventprecedesanotherbut not
by how much.

� A real-timesystemsmodelthatcapturesthemetricaspectof time in a reactive system.This
modelcanmeasurethetimeelapsingbetweentwo events.

� A hybridsystemsmodel that allows the inclusionof continuouscomponentsin a reactive
real-timesystem.Suchcontinuouscomponentsmaycausecontinuouschangein thevalues
of somestatevariablesaccordingto somephysicalor controllaw.

In Fig. A.1 wedepicttheevolutionof thethreemodels.

Hybrid Systems
Allowing ContinuousSignals

Reactive Systems
Expressesprecedencerelationsbetweenevents

Real Time
Canmeasuretemporal distance
G ������������	�
 F �
	É
 Å � ����	
������	����

FigureA.1: Hierarchy of thethreemodels

A.3 Reactive Systems

Themodelof reactive systemsis includedin this reportfor thepurposesof referenceandserving
asa baseline.This is themodelwhich is handledby unextendedPSL, andtherestof theprojectis
dedicatedto thedevelopmentof toolsandmethodologiesfor thismodel.
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A.3.1 A Computational Model: Fair DiscreteSystems

A fair discretesystem(FDS) � � �u
��v
��ª
���
��
consistsof:

� �
– A finite setof typedstatevariables. A

�
-state� is a typeconsistentinterpretationof

�
.

We denoteby � � #��
thevaluethatstate� assignsto variable

#7%��
. Let

ù��
denotethesetof

all
�

-states.

� �
– An initial condition. A satisfiableassertionthatcharacterizestheinitial states.

� �
– A transitionrelation. An assertion

�;���u
�� ) !
, referringto both unprimed(current)and

primed(next) versionsof the statevariables.For example,
# ) ��#òB��

correspondsto the
assignment

# � �F#wBd�
.

� �[� I �/:�
�������
�� � L A setof justice(weakfairness) requirements.Ensurethata computation
hasinfinitely many

��=
-statesfor each

��=
, � �p��
�������
�!

.

� �Ã� I õ9S :�
#"�: ö 
������ õ S � 
�" � ö L A setof compassion(strongfairness) requirements.Infinitely
many S =

-statesimply infinitely many
"-=

-states.

Thefairnessrequirementsareincludedfor thesakeof completeness.They areessentialin orderto
dealwith softwareconcurrentanddistributedsystems,andlessusefulwhendealingwith hardware
designs.

Computations

Let � bean FDS for which theabove componentshave beenidentified. Thestate� )
is definedto

bea � -successorof state� if

õ.� 
 � ) ö�a �$�&%ÿ�'�u
�� ) !��
Wedefineacomputationof � to beaninfinite sequenceof states( �*�hW 
 � :-
 �hD 
�������

satisfyingthefollowing requirements:

� Initiality: �hW is initial, i.e., �hW'a�)�
.

� Consecution: For each
�'�G	É
���
������

, thestate����� :
is a � -successorof thestate��� .

� Justice: For each
��%*�

, ( containsinfinitelymany
�

-positions

� Compassion: For each õ9S 
�" ö %+�
, if ( containsinfinitelymany S -positions,it mustalso

containinfinitelymany
"
-positions.

A.3.2 Property SpecificationLanguage

For a propertyspecificationlanguagefor the reactivesystemsmodelwe take PSL. Consultother
documentsof thisprojectfor thedefinitionof thesyntaxandsemanticsof this languageandexam-
plesof its use.
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A.3.3 SystemDescription

Many languagesexist for the presentationof reactive systems.For eachof theselanguages,we
have an establishedtranslationfrom a designpresentedin this languageinto an FDS. Exam-
ples taken from the hardwareworld could be the SMV input language,fragmentsof VHDL and
VERILOG, oranetlist. Forsoftware,wecanusefragmentsof Cor thesimpleprogramminglanguage
(SPL) usedin [KMP00].

A.3.4 Monitors for PSL Properties

Thegeneralapproachtoverificationof PSL propertiesstartsbyconvertinganarbitraryPSL property
into an automaton.The model-checkingalgorithmusesthis automatonin order to verify that a
given systemsatisfiesthe property. The sameautomatoncanbe usedfor monitoringproperties
while the computationevolve. Therearesomeconsiderationsthathave to be taken into account
whenusingthepropertyautomatafor onlinemonitoringof behaviors.

� Therearesomepropertieswhosefatecanbedeterminedafter readinga finite segmentof a
computation.For example,thefailureof asafetypropertyor successof aco-safetyproperty
canbedeterminedoverafinite prefix.

� For all otherproperties,their successor failurecanbedeterminedonly over a full (infinite)
behavior. For those,wecanstill monitoreventuallyperiodicbehaviors,providedwereceive
aseparatepresentationof thefinite prefix andaperiod.

A.3.5 Verification of Properties

For verifying PSL propertiesof reactive systems,we usevariousmethodsof model checking,
including BDD-basedand SAT-basedverificationengines. This subjectis extensively treatedin
otherpartsof theproject.

A.4 Extensionsfor Metric Time: ClockedTransition System

Thenext modelin thehierarchy dealswith metricrealtime. In additionto specifyingthetemporal
orderingbetweenevents,wealsospecifythetemporaldistancebetweeneventseitherprecisely, or
by providing upperandlowerbounds.

A.4.1 A Computational Model: ClockedTransition Systems

Let , be a totally orderedmonoid,to which we refer asthe timedomain. The most frequently
usedtimeddomainsare - � , thenon-negative reals,andIN, thenaturals.

Real-timesystemsaremodeledasclockedtransitionsystems(CTS). A clockedtransitionsys-
tem . � �u
��v
��ª
�/

consistsof:

� �
: A finite setof statevariables. Theset

� �101243
is partitionedinto

0 �AI ­ :�
������<
 ­ �_L
thesetof discretevariablesand

3��ÃI���:�
�������
2� � L thesetof clocks. Clocksalwayshave the



36 A Hierarchy of Reactive Models ExtendingPSLfor AnalogCircuits

type , . Thediscretevariablescanbeof any type.Optionally,
3

mayincludeaspecialclock5 %*3
, calledthemasterclock.

� �
: Theinitial condition. A satisfiableassertioncharacterizingtheinitial states.It is required

that � � ��:K�A�����©�F� � �G	É

i.e., the clocks are resetto zero at all initial states. In case

5 %63
, it is requiredthat� � 5 �G	

� �
: A transitionrelation. An assertion

�;���u
�� ) !
, referring to both unprimed(current) and

primed(next) versionsof thestatevariables.

In case
5 %73

, it is requiredthat
� � 5 ) � 5

, i.e., the masterclock is modifiedby no
transition.

� /
: The time-progresscondition. An assertionover

�
. The assertionis usedto specifya

globalrestrictionover theprogressof time.

The ExtendedTransition Relation

Let .F� �u
��v
8�>
�/
bea CTS. We definetheextendedtransitionrelation

�:9
associatedwith . as�;9¼�<�A�=�?>A@CBED�


where
�F>G@CBED

is givenby:�?>A@CBED � �IH ��Jv� H !mïK0 ) �)0 ïK3 ) �)3FB H 

and

Jv� H !
is givenbyJv� H ! � Hp½ 	 ï o �T%R�
	É
 H !-��/'��0w
�3«B7��!

Let
0&��I ­ :^
�������
 ­ ¾ L bethesetof discretevariablesof . and

3Ã�ÃIÉ@�:�
�������
�@ � L bethesetof its
clocks.Then,theexpression

3 ) �)3FB H is anabbreviation for@ ) : �A@�:CB H ï E�E�E ï @ ) � �A@ � B H 

and

/'��0w
�3«B7��!
is anabbreviation for/'� ­ :�
�������
 ­ ¾


�@�:�B7�1
�������
�@ � B7��!

Runs and Computations

Let .�� �u
��x
��>
�/
bea CTS. A run of . is a finite or infinite sequenceof states( �K�hW 
 � :-
������

satisfying:
� Initiation: ��W'a�+�
� Consecution: For each

�¼% �
	É
 a ( a ! �1��� :
is a

�:9
-successorof ��� .

A stateis called( . -)accessibleif it appearsin a run of . .
A computationof . is aninfinite runsatisfying:
� TimeDivergence: The sequence�hW � 5 �q
 � :<� 5 ��
������

grows beyond any bound. That is, as �
increases,thevalueof

5
at � =

increasesbeyondany bound.
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A FrequentlyOccurring Case

In many cases,thetime-progresscondition
/

hasthefollowing specialform/ � =ML ÷ � S = � � = ?+N�=Ì!�


where Z is somefinite index setand,for each� % Z , theassertionS =
andthe , -valuedexpressionN�=

do not dependon the clocks,and
� = %O3

is someclock. This is, for example,the form of
the time-progresscondition for any CTS representinga real-timeprogram. For suchcases,the
time-incrementlimiting formula

Jx� H !
canbesimplifiedandassumesthefollowing form:Jv� H ! � Hp½ 	tï =PL ÷ � S = � �2=/B H �1Nÿ=�!

Note,in particular, thatthissimplerform doesnot usequantificationsover
�
.

Non-ZenoSystems

A CTS is definedto benon-zenoif everyfinite runcanbeextendedinto acomputation(see[AL91],
[Hen92]).An equivalentformulationis that . is non-zenoif it satisfiesthefollowing

A finite sequence( is a runof . if f ( is aprefix of somecomputationof . .

A consequenceof . beingnon-zenois thata state� is . -accessibleiff it appearsin somecompu-
tationof . .

Example 1 Considerthe CTS’s . :
and .KD presentedin Fig A.2. In Fig A.3, we presentthese

two CTS’s in textual form.
It is not difficult to establishthat both . :

and .KD arenon-zenoCTS’s. This is because,from
any accessiblestate,wecanalwaysmove to stateQ :

from whichwecancontinueto take infinitely
many timestepswith increment1.

Thetick transitionrelationsfor thesetwo CTS’s aregivenby� :>G@CBED � �IHp½ 	É��� s ) 
2° ) !K�p� sr
^°>!xï � � ) 
 5 ) !K�p�9�;B H 
 5 B H !xï �9sû�G	 � �;B H �d,X!� D >G@CBED � �IHp½ 	É��� s¬)�
2°_)�!K�p� sr
^°>!xï � ��)�
 5 )q!K�p�9�;B H 
 5 B H !xï �9sû�G	 � �;B H � :
D ÔSRUT !-�

Following is acomputationof CTS . :
:

õ s � 	�
g° � 	K
©� � 	K
 5 � 	 ö
À = ³ � ý :WV�C� õ s � 	K
g° � 	�
g� � �C
 5 � � ö X Ü���

õ s � 	�
g° � �¬
©� � �¬
 5 � � ö X Ü�C� õ s � 	K
g° � ,�
g� � �C
 5 � � ö
À = ³ � ý :WV���

õ s � 	�
g° � ,K
©� � ,K
 5 � , ö X Ü�C� õ s � 	K
g° �CÇ 
g� � ,�
 5 � , ö X Ü���
õ s � 	�
g° ��Ä 
©� � ,K
 5 � , ö X T�C� õ s � �¬
g° �CÄ 
g� � ,�
 5 � , ö

À = ³ � ý :WV���
õ s � �C
g° ��Ä 
©� ��Ç 
 5 �CÇÉö

À = ³ � ý :WV�C� õ s � �¬
g° �CÄ 
g� �CÄ 
 5 ��ÄÉö
À = ³ � ý :WV���E�E�E

Notethatto beacomputation,timemustgrow beyondany bounds.Since,at locationQ1W of . :
time

cannotgrow beyond
,
, any computationof . :

musteventuallymove to location Q :
, wheretime

cangrow beyondany bounds.

Fromnow on,we restrictourattentionto non-Zenosystems.
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FigureA.2: Two CTS’s.

A.4.2 Property SpecificationLanguage

This is wherethemaincontribution of this deliverablestarts.Chapter5 introducesthe logic STL

which is a property-specificationlogic extendedto dealwith metricrealtime.
ThissubsectioncomplementsChapter5 by consideringseveraldifferentoptionsfor theexten-

sion of PSL in order to specify (metric) real time properties,including the final versionchosen.
Someof theconsiderationsleadingto ourfinal selectionarethefollowing:

� Thereis anobvioustradeoff betweengreaterexpressive power andour ability to verify the
propertiesexpressiblein thelanguage.

� Oneof the uniquefeaturesof PSL is the way it combinesLTL with regular expressions.It
would beestheticallypleasing,if we couldhave appropriatereal-timeextensionsto theLTL

componentsaswell ascorrespondingextensionsto the regular expressionpart. While the
currentversionof STL doesnot containssuchan extensionyet, Subsection7.1.3provides
moredetailsof suchanextension.

� To evaluateandcomparethe variousextensions,we needseveral characteristicproperties
whichoccurfrequentlyin applicationsof real-timereactivesystems.In thesubsectionbelow
I presenttwo standard“utterances”which are, respectively, the specificationof an upper
boundanda lowerboundon thetemporaldistancebetweentwo events.

� Onepossiblerestrictionon the extensionscouldbe restrictingthe referenceto metric time
only within pasttemporaloperators.Thepossibleadvantagesof sucha restrictionis thatall
past-basedpropertiescanbefully monitored.
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FigureA.3: Thetwo CTS’s in textual form.

Typical Metric-T ime Metaphors

Welist heretwo metrictimemetaphorswhichareof frequentuse.

1. Upperboundontemporaldistance.Thispropertyclaimsthatany S is followedby a
"

withinn
timeunits.

2. Lowerboundontemporaldistance.Thispropertyclaimsthata
"

canonly occurstrictly later
than o timeunitsaftera precedingS .

Minimal Extension: Explicit Referenceto Clocks

Oneof thepossibleextensionsis basedonexplicit referenceto clocksandtheuseof rigid constants
whichpreserve their valuesacrossstates.This leadsto thefollowing styleof expressions:

Future-BasedUpperBound: G
� S ï 5 � 5 � F

��"Tï 5 � 5 B n !�!
Future-BasedLowerBound: G

� S ï 5 � 5 � G
�'" � 5 ½G5 B o !�!

Past-BasedUpperBound: G
�
P

� S ï 5 � 5 !�ï 5 e 5 B n � P
��"þï 5 e 5 !�!

Past-BasedLowerBound: G
�
P

� S ï 5 � 5 !�ï 5 � 5 B o � � � " !#p � � "Tï S !�!
In theseformulas,

5
is themasterclock,and 5 is a rigid constantwhich recordsa currentvalueof5

. ThetemporaloperatorP is a pastoperator, suchthatP
"

statesthat
"

hasoccurredat leastonce
in thepast.Similarly,

p
is thepastsinceoperator, whereS pq"

statesthattherewasanoccurrence
of

"
in thepastand,sincethatoccurrenceuntil now, S heldcontinuously.

The Logic TPTL

A closelyrelatedmodeof expressionis providedby the“really temporallogic” TPTL presentedin
[AH89]. This logic introducesauxiliary clockswhich areresetat anarbitrarynestinglevel within
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theformula.Usingthis logic, theabove two future-basedpropertiescanbespecifiedasfollows:

Future-BasedUpperBound: G
� #�� S � F

�'" ï�# � n !^!
Future-BasedLowerBound: G

� #�� S � G
��" � # ½+o !�!

In theseformulas,
#

is a virtual clock which is resetat the presentandkeepsincreasingin sync
with all otherclocks.

Metric Temporal Logic

In this logic, we subscriptthe temporaloperatorsby a specificationof an interval at which the
propertiesshouldhold. Note that STL is a restrictedfragmentof this logic. The four properties
consideredabovecanbespecifiedasfollows:

Future-BasedUpperBound: G
� S � F � W � r � " !

Future-BasedLowerBound: G
� S � G � W � s �£� " !

Past-BasedUpperBound: G � ��� � "�!�p � W �tr � � S ï � " !^!
Past-BasedLowerBound: G

��" � H � W � sî� �CS !
whereH � W � sî�£�¬S is a temporalexpressionstatingthat S hasbeencontinuouslyfalsefor the last o
timeunits.

A.4.3 Modeling Languages

The standardmodelinglanguagefor real-timesystemsis that of timedautomata[AD94]. This
modelresemblesthemodelof finite-statereactive systems,exceptthat it is equippedwith finitely
many clockswhich canbetestedin a restrictedway andreseton someof thediscretetransitions.
This augmentationof anuntimedmodelwith clocksandtheir restrictedoperationscanbeapplied
to any finite-statestate-transitionmodel,e.g.Statecharts,SMV model,etc.

Another sourcefor real-timemodelsis any conventionalprogramin a languagesuchas C
or SPL, wherewe associatewith eachstatementa lower bound o andan upperbound

n
for its

execution.We refer thereaderto [KMP00] for the CTS semanticsof thetimedversionof an SPL

programs.

A.4.4 Monitoring Real-Time Properties

Notethatin Deliverable1.3.1we arenot obligedto provide completesolutionsto monitoringand
verificationof real-timesystems.It is sufficient to displaysoundevidencethattheseactivities can
besupported.

In principle,monitoringtimedpropertiescanbeperformedin a way similar to monitoringof
untimedproperties.We canquoteheresomeof theconclusionsreachedin [MN04].

Oneimportantconsiderationis that if we restrictthetimedextensionsto pasttemporalopera-
torsandregularexpressions,thenthetime-dependentpartscanbemodeledby adeterministictime
automata,andmonitoringcanbeconductedin amoreeffective way.

Additionaldiscussionof monitoringis presentedin Section8.1.
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A.4.5 Verification of Real-timeProperties

Thereareseveralapproachesto real-timeverificationwhichweshouldconsider. Furtherdiscussion
of this topic is providedin Section8.2.

Timed Automata

The classicalapproachto real-timeverification is basedon modelcheckingof timed automata.
As shown in [ACD90], this approachcanbeappliedto discretetime domain( , beingthenatural
numbers)aswell asto densetimedomain.Severaltoolsexist for performingsuchaverification.

RepresentingClocks asCounters

If werestrictourattentionto discrete(integer-like) timedomain,thenall clockscanberepresented
ascounters,andconventionalsymbolicmodelcheckingcanbeapplied.As shown in [HMP92] and
[AMP98], if all timeconstraintsareexpressedby weakinequalities(positivebooleancombination
of

e
and

�
) asis the casein STL, theneven the caseof densetime domainscanbe handledby

usingcountersto representclocks.
Even for the casethat someof the constraintsinvolve strict inequalities(e.g. ½ or

?
), it is

possibleto representclocksby counters,usingthe notion of “adjustmentsteps[PV94]. We can
reportaboutsomeexperimentsin applyingvariousversionsof thismethod[GP00, Gri02].

A.4.6 CaseStudies

We list below severalcasestudieswhich demonstratetheadequacy of theproposedreal-timeex-
tensions,for property-basedreal-timespecificationof systemsandtheir verification:

1. Modeling andverificationof asynchronouscircuits, using the timed automataformalisms
for modelingandverification[MP95],[BJMY01].

2. Fischer’s mutualexclusiontimedprotocol,asverifiedin [Gri02].

A.5 Extension to Continuous Signals: PhaseTransition Sys-
tems

To dealwith continuoussignalswe entertherealmof hybrid systems. Similar to our treatmentof
real-timesystems,we presentfirst a computationalmodelfor hybrid systemsthatcanbeviewed
asanextensionof theCTS model.

A.5.1 A Computational Model: PhaseTransition Systems

Hybrid systemsaremodeledasphasetransitionsystems(PTS). The PTS modelwasoriginally
presentedin [MMP92] and [MP93]. The PTS modelpresentedhereis an extensionof the CTS

model.A closelyrelatedmodelfor hybrid systemsis presentedin [ACH� 95b].
A phasetransitionsystem(PTS) . � �u
��v
 , 
�u�
�/

consistsof:
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� ����I ­ :�
�������
 ­ �gL : A finite setof typedsystemvariables. Theset
���v0=2 Z is partitioned

into
0

thesetof discretevariablesand Z thesetof integrators. Integratorsalwayshave the
type real. Thediscretevariablescanbeof any type. Thesetof integratorsmayoptionally
containthespecialintegrator

5 % Z representingthemasterclock.

� �
: The initial condition. A satisfiableassertioncharacterizingtheinitial states.In case,the

integratorsincludethemasterclock
5

, it is requiredthat� � 5 �G	É�
� �

: A transitionrelation, definedasin theCTS model.

� u
: A finite setof activities. Eachactivity w %xu

is representedby anevolution function:

S[y ��0Í! � zZ �9��!K�){ y � z� W 
2��!
for

�feA	
, whereS[y is theactivationcondition,

Activity w is saidto beactivein state� if its activationconditionS y holdson � . If S[y is true,
it maybeomitted.and z� W is thevalueof all statevariablesat thebeginningof theevolution.

� /
: The time-progresscondition. An assertionover

�
. The assertionis usedto specifya

globalrestrictionover theprogressof time.

In descriptionsof concretehybrid systems,theevolution functions
{ y ��� W 
^��!

areoftenpresented
by setsof ordinarydifferentialequationsof theform |# � �<} y� �'�x!

for
�¼�p��
�������
2Q

. In suchcases,
theevolution functions

{ y ��� W 
^��!
canbeobtainedassolutionsof thedifferentialequations.It is

straightforwardto extendthemodelto alsocover non-deterministicevolutions. In suchcases,we
mayrepresenttheevolution functionsassolutionsof differentialinclusions.

Example 2 Considerthehybrid system. :
presentedin figureA.4.

. #�� � ��~�# � �p�#ò� �

|#ò� � �
#�e � �

FigureA.4: A hybrid system. :
.

Thissystemcanbemodeledby thefollowing PTS:�d� ZY� I�#u
 5 L� � #��p�{ï 5 �G	� � #�� � �{ïF# ) �p�{ï 5 ) � 5u � I w L with evolution function(omitting the w subscriptandsuperscript)
true§ � #��t# W � �� ýC� Ü � ÀdV/ � # e � �

Thebehavior of this systemis (informally) presentedin Fig. A.5.
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� �
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FigureA.5: Behavior of PTS . :
.

ExtendedTransition Relation

Let .t� �u
��v
��ª
�u�
�/
beaphasetransitionsystem.Wedefinetheextendedtransitionrelation

�?�
associatedwith . asfollows:�?���<�Y� y L�� � y
where,for eachw %xu

, thetransitionrelation
� y is givenby

� y»� �IH�½ 	
0 ) �)0(ï S[y ï Z ) �){ y ���u
 H !

ï
o �T%R�\	�
 H !-�[/¼��0w
�{ y �'�u
^��!^! �

Thetransitionrelation
� y characterizespossiblevaluesof thesystemvariablesat thebeginning

andendof an w -phase,where
�|�(��0w
 Z !

denotesthe valuesat the beginning of the phaseand� ) ���'0 ) 
 Z ) !
denotestheir valuesat the endof the phase.The formulaassumesa positive time

incrementH which will be the lengthof the phase.It thenstatesthat the valuesof the discrete
variablesarepreserved (

0 ) ��0
), the activation condition S[y currentlyholds,the valuesof the

integratorsat theendof thephasearegivenby
{ y ���u
 H !

, andthetime-progresscondition
/

holds
for all intermediatetimepointswithin thephase,i.e., for all

�
,

	x�F�T? H .

Runs and Computations

The runsandcomputationsof a phasetransitionsystem.�� �u
��v
 , 
8u�
�/
aredefinedasin the

CTS model.
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Non-ZenoSystems

As in thecaseof theCTS model,werestrictourattentionto non-zenoPTS’s. Thesearesystemsfor
whichany prefix of a runcanbeextendedto acomputation.

SystemDescription by Hybrid Statecharts

Hybridsystemscanbeconvenientlydescribedbyanextensionof statecharts[Har87]calledhybridstatecharts.
Themainextensionis

� Statesmaybe labeledby (unconditional)differentialequations.The implication is that the
activity associatedwith thedifferentialequationis activepreciselywhenthestateit labelsis
active.

We illustratethis form of descriptionby theexampleof Cat andMousetakenfrom [MMP92]. At
time

5 �A	
, a mousestartsrunningfrom a certainpositionon thefloor in a straightline towardsa

hole in thewall, which is at a distance�{W from theinitial position.Themouserunsat a constant
velocity ¯ ¾ . After a delayof H time units,a cat is releasedat thesameinitial positionandchases
themouseat velocity ¯ ³ alongthesamepath.Will thecatcatchthemouse,or will themousefind
sanctuarywhile thecatcrashesagainstthewall?

Thestatechartin Fig. A.6 describesthepossiblescenarios.This statechart(andtheunderlying
phasetransitionsystem)usestheintegrators

#
¾ and

# ³ , measuringthedistanceof themouseand
thecat,respectively, from thewall. Thewaiting timeof thecatbeforeit startsrunningis measured
by themasterclock

5
. Thestatechartrefersto theconstants�ÍW 
 ¯ ¾


 ¯ ³ , and H .
A behavior of thesystemstartswith statesM.restandC.restactive,variables

#
¾ and

# ³ setto
theinitial value�{W , andthemasterclock

5
setto 0. Themouseproceedsimmediatelyto thestate

of running,in which its variable
#

¾ changescontinuouslyaccordingto theequation |# ¾
� �¸¯ ¾ .

Thecatwaitsfor adelayof H beforeenteringits runningstate,usingthemasterclock
5

to measure
this delay. Therearetwo possibleterminationscenarios.If the event

#
¾

�[	
happensfirst, the

mousereachessanctuaryandmovesto statesafe, whereit waits for thecat to reachthewall. As
soonasthis happens,detectableby thecondition

# ³ ��#
¾

��	
becomingtrue,thesystemmoves

to stateMouse-Wins. Theotherpossibilityis thattheevent �{W�½ # ³ �t#
¾ ½ 	

occursfirst, which
meansthatthecatovertookthemousebeforethemousereachedsanctuary. In this casethey both
stoprunningandthesystemmovesto stateCat-Wins. Thecompoundconditions

# ³ �F#
¾

�G	
and�{W�½ # ³ �F#

¾ ½ 	
standfor theconjunctions

# ³ �t#
¾

ï»#
¾

�G	
and�{W�½ # ³ ï»# ³ �t#

¾
ï»#

¾ ½ 	
,

respectively.
Thestatechartrepresentationof theCatandMouseillustratesthetypical interleaving between

continuousactivities anddiscretestatechangeswhich, in this example,only involve changesof
control.

The Underlying PhaseTransition System

Following the graphicalrepresentation,we identify the phasetransitionsystemunderlyingthe
pictureof Fig.A.6. Wereferto statesin thediagramthatdonotencloseotherstatesasbasicstates.
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� SystemVariables:
�|��0�2 Z , where

0 � I�s
¾


2s ³ L and Z�� I�# ³ 
^#
¾


 5 L . Variables
s

¾ ands ³ arecontrol variableswhosevaluesarethebasicstatesof themouseandcatsubsystems
whicharecurrentlyactive.

� Initial Condition:Givenby� � s
¾

�
M

�
rest

ï s ³ �
C

�
rest

ïÃ# ³ �t#
¾

� �{W ï 5 �A	��

� Transitionrelations:Listedtogetherwith thetransitionassociatedwith them.

M
�
rest-run � s

¾
�

M
�
rest

ïÃs Á
¾

�
M

�
run

C
�
rest-run � s ³ �

C
�
rest

ï 5 � H ï s Á
³ �

C
�
run

M
�
run-safe � s

¾
�

M
�
run

ïÃ#
¾

�A	 ïÃs Á
¾

�
M

�
safe

M
�
win � s

¾
%

Active
ï # ³ �t#

¾
�G	tï s Á

¾
�ts Á

³ �
Mouse-Wins

C
�
win � s ³ %

Active
ï �{W�½ # ³ �t#

¾ ½ 	tï s Á
³ �ts Á

¾
�

Cat-Wins



wherethesetActivestandsfor thesetof basicstates

Active� I
M

�
rest



M

�
run



M

�
safe



C

�
rest



C

�
runL �

� Activities: It is possibleto groupall theactivities into asingleactivity, givenby:

w"� #
¾

�t# W¾ � ��� �
� M

�
run

!�E ¯ ¾
��ï # ³ �F# W³ � ��� �

� C
�
run

!�E ¯ ³ �9� ��H !�ï 5 � 5 W B7�1�
In this representation,we usedarithmetizationof control expressionsby which

� �
� M

�
run

equals1 whenever
s

¾
�

M
�
andequals0 at all otherinstances.A lesscompactrepresenta-

tion lists four activities correspondingto the four casesof: catandmouseboth resting,cat
restsandmouseruns,catrunsandmouseis safe,catandmousebothrunning.

� TimeProgressCondition:Givenby

/ �
s

¾ �� M
�
rest

ï � s ³ �
C

�
rest � 5 ? H !»ï

�9s
¾

�
M

�\] ­/¥ � #
¾ ½ 	�!mï � s ³ �

C
�
] ­*¥û� # ³ ½ #

¾
!

A.5.2 Property SpecificationLanguage

For dealingwith continuoussignals,themainextensionis theintroductionof real-valuedvariables.
This leadsto a 1st-ordertemporallogic, anda restricteduseof quantifiersmay be needed.This
extensionhasbeenincorporatedin STL asexplainedin Subsection5.2.3.

Providedwith somecharacteristicexamples,we will illustratehow theseextensionsareade-
quateto dealwith continuoussignals.

A.5.3 Modeling Language

The classicalmodelsfor tractablehybrid systemsarehybridautomata[ACHH93], [ACH� 95a].
Thehybrid statechartof FigureA.6 is anexampleof a hybrid automaton.
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A.5.4 Monitoring and Verification of Hybrid Properties

Giventhereductionfrom hybrid systemsto generalCTS, wecanadoptthemethodsof constructing
monitorsanddeductive verificationfrom the CTS realminto thatof hybrid systems.We refer the
readerto Section8.2for additionalcommentsrelatedto verificationof STL properties.
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run

5 � H

Cat

run|#
¾

� �¸¯ ¾#
¾ ½ 	 |# ³ � �¸¯ ³# ³ ½ #

¾

#
¾

�A	

safe

# ³ �t#
¾

�G	

Mouse-Wins Cat-Wins

�{W�½ # ³ �F#
¾ ½ 	
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# ³ �t#

¾
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rest � 	
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rest � 5 ? H

FigureA.6: Specificationof CatandMouse.




