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Executive Summary

This document describes the theory of property-based synthesis. Property-based
synthesis deals with automatically synthesizing a design from a specification given
in the linear-time fragment of PSL. We describe three different approaches to han-
dle property-based synthesis. These approaches are complementary: they are able
to synthesize different subsets of PSL with different degrees of computational com-
plexity. The more complete the fragment is, the more expensive is synthesis, and
we show three different tradeoffs to this question.

The nondeterministic approach is based on an automata oriented approach to PSL
model checking. It can only synthesize a subset of PSL, but can do so very effi-
ciently. This approach is likely to be too limited for general synthesis but is very
well suited for a limited synthesis problem, namely that of completion of partially
implemented systems. Completion of partially implemented systems can be used
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to repair faulty systems, a novel and very relevant application, at a reasonable
cost [SB05].

The approach of synthesis from generalized reactivity[1] specifications works for a
larger class of specifications, more precisely for all specifications expressible using
a generalized reactivity[1] acceptance condition. The basic idea of this approach
is to transform the specification into a particular form to which a triply nested fix-
point algorithm can be applied. Its complexity is expected to be feasible even for
large sets of specifications.

Third, we present a complete approach that is applicable to the entire linear-time
fragment of PSL. Its complexity bound is doubly exponential. This approach is
primarily applicable for cases in which the other two approaches fail.

Purpose

The purpose of this document is to describe the research done on property based
synthesis in the PROSYD project. The document provides an overview of different
methods to synthesize a system from a set of properties.

Intended Audience

This guide is intended for researchers working on PSL or a similar specification
language, who are interested in automatic synthesis. It is assumed that readers are
familiar with the notions and terms related to PSL, have a good understanding of
model checking, of game theory, and of automata theory, including tree automata
and alternating automata on infinite words.

Background

Synthesis of linear-time formulas is closely related to Church’s problem of synthe-
sis for S1S [Chu63]. It was formalized by Pnueli and Rosner [PR89a]. Pnueli and
Rosner’s approach requires determinization of the automata, which is very expen-
sive and intricate [Saf88]. This step is avoided in all methods presented here.
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Glossary

Acceptance Condition
A condition defining how an infinite automaton accepts an input object. We use
Büchi and co-Büchi acceptance conditions both defined by a set of states F . An
input word is Büchi accepted by an automaton, if the set of states visited infinitely
often while reading the input word intersects the set F . Dually, a word is co-Büchi
accepted if the set of states visited infinitely often does not intersect F .

Alternating Tree Automaton
An automaton with an arbitrary branching mode running on trees.

Atomic Proposition
An atomic proposition of a formula in a propositional logic corresponds to signals
in a design or implementation.

AWT
Alternating Weak Tree Automaton. An alternating tree automaton with a particu-
larly structured state space. The states are partitioned into partially ordered sets.
Each set is classified as accepting or rejecting. The transition function is restricted
so that in each transition, the automaton either stays at the same set or moves to a
set smaller in the partial order.

BDD
Binary Decision Diagram. A data structure for storing sets upon which many
model checkers are based.

Branching Mode
The branching mode is a way to classify automata. We distinguish between four
branching modes: Deterministic, nondeterministic, universal, and alternating. In
a deterministic automaton, the transition function maps from state and letter to a
single state. The transition functions of nondeterministic and universal automata
map to sets of states. The automata differ in the way they accept an input word
or tree. In a nondeterministic automaton the suffix of the word or tree should be
accepted by one of the states in the set. In the universal automaton all states in the
set have to accept the suffix. An alternating automaton can have nondeterministic
and universal edges.

GR[1] Formula
A generalized Reactivity[1] formula. See below.

Infinite Game
A finite state machine on which two players, the protagonist and the antagonist,
determine the run, by each determining part of the input. The game comes with
a winning condition and the task of the protagonist is to make sure that the run
satisfies this condition.

Invariant
An invariant is a special case of a safety property. It sets a constraint on the state
of the program that must hold in all states. For instance, “a and b are never 1
simultaneously.”

Language Emptiness
The language of an automaton is empty iff the automaton accepts no input object
(word or tree), that means there is no accepting run for this automaton.
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LTL
Linear Temporal Logic or Linear-time temporal logic. LTL is a temporal logic for
property specification in formal verification [Pnu77].

LTL Game
An infinite game where the winning condition is given as LTL formula. All plays
in which the sequence of states visited fulfill the given formula are winning for the
protagonist. Otherwise the antagonist wins.

Mu Calculus
A calculus of predicates and binary relations which enables writing and solving
relational equations among states.

NBT
Nondeterministic Büchi Tree Automaton. An alternating tree automaton with
Büchi acceptance condition and nondeterministic branching mode.

NBW
Nondeterministic Büchi Word Automaton. An alternating automaton with Büchi
acceptance condition and nondeterministic branching mode. The automaton runs
on words.

PSL
Property Specification Language, the language for specification of designs upon
which PROSYD is based.

PSL Game
Similar to an LTL game but with a PSL formula as winning condition.

Reactivity Formula
A PSL formula of the form

Vk
i (inf oft pi =⇒ inf oft qi), where “inf oft p”

is an abbreviation for “always eventually! p”, and p,q are Boolean formulas.

Reactivity[1] Formula
A reactivity formula with k = 1.

Reactivity[1] Formula – Generalized
A PSL formula of the form

(inf oft p1∧ ·· ·∧inf oft pm) =⇒ (inf oft q1∧ ·· ·∧inf oft qn),

where p1, . . . , pm,q1, . . . ,qn are Boolean formulas.

Realizable
A given formula ψ over a sets of input I and output O signal is realizable if there
exists a strategy f : (2I)∗→ 2O such that all the computations of the system gener-
ated by f satisfy ψ. Intuitively, a specification is realizable if there exists a system
that can respond in such a way that independent of the input values the environment
chooses the combination of inputs and outputs always fulfills the given formula.

Safety Property
A safety property states that something bad should not happen. For instance, “a is
never 1 in two consecutive clock ticks.”

Street Automaton
An ω-automaton in which the acceptance condition is presented by a set of accep-
tance pairs. Each acceptance pair consists of two sets of the automaton states. An
infinite run r is accepted by a pair (S,T ) if its infinity set (states which are visited
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infinitely often by r) is either disjoint from S or has a nonempty intersection with
T . A run is accepted by the automaton if it is accepted by all pairs.

Street[1] Automaton
A Street automaton with a single pair.

Street Automaton – Generalized
An ω-automaton in which the acceptance condition is presented by a set of accep-
tance pairs. Each acceptance pair consists of two families of sets of automaton
states. An infinite run r is accepted by a pair ({S1, . . . ,Sm},{T1, . . . ,Tn}) if the in-
finity set of r is either disjoint from some Si or has a nonempty intersection with
every Tj, j = 1, . . . ,n. A run is accepted by the automaton if it is accepted by all
pairs of the automaton.

Street[1] Automaton – Generalized
A generalized Street automaton with a single pair.

Synthesis
The process of automatically generating a design from a given specification. For-
mally, check if the given specification is realizable and find a witness.

UCT
Universal co-Büchi Word Automaton. An alternating tree automaton with co-
Büchi acceptance condition and universal branching mode.

Winning Strategy
A recipe with which a player is guaranteed to win an infinite game, no matter what
the other player does. A finite state strategy may depend on a finite memory of the
past, i.e., the move the strategy suggests can depend on previous moves of the two
players. A memoryless strategy depends only on the current state of the game.
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1 Introduction
One of the most ambitious and challenging problems in reactive systems construc-
tion is the automatic synthesis of programs and (digital) designs from logical spec-
ifications. First identified as Church’s problem [Chu63], several methods have
been proposed for its solution [BL69, Rab72]. The prevalent approach to solving
the synthesis problem was by reducing it to the emptiness problem of tree au-
tomata, and viewing it as the solution of a two-person game. In these preliminary
studies of the problem, the logical specification that the synthesized system should
satisfy was given as an S1S formula.

This problem has been considered again in [PR89a] in the context of synthesizing
reactive modules from a specification given in Linear Temporal Logic (LTL). This
followed two previous attempts [CE81, MW84] to synthesize programs from tem-
poral specification which reduced the synthesis problem to satisfiability, ignoring
the fact that the environment should be treated as an adversary. The method pro-
posed in [PR89a] for a given LTL specification ϕ starts by constructing a Büchi
automaton Bϕ, which is then determinized into a deterministic Rabin automaton
[Saf88]. This double translation may cause a complexity that is doubly exponen-
tial in the size of ϕ. Once the Rabin automaton is obtained, the game can be solved
in time nk, where n is the number of states of the automaton and k is the number of
accepting pairs. In our work on synthesis and realizability, we restrict our atten-
tion to the linear fragment of PSL. As shown in [KMTV00], checking realizability
of branching time logics is very complex and may reach, in the worst case, triply
exponential complexity.

The high complexity established in [PR89a] and the intricacy of Safra’s deter-
minization construction have caused the synthesis process to be identified as hope-
lessly intractable and discouraged many practitioners from ever attempting to im-
plement it.

There are two basic ways out of this dilemma. The first is to limit the expressive-
ness of the temporal logic, with the benefit of a better computational complexity.
The second option is to circumvent Safra’s construction, which retains the disad-
vantage of a higher complexity, but has the advantage that it is applicable to the
full extent of logics such as LTL or PSL.

If the specification of the design to be synthesized is restricted to simpler automata
or partial fragments of PSL, it has been shown that the synthesis problem can
be solved in polynomial time. Representative cases are the work in [AMPS98]
which presents (besides the generalization to real time) efficient polynomial solu-
tions to games (and hence synthesis problems) where the acceptance condition
is one of the formulas always p, eventually! q, always eventually! p, or
eventually! always q. A more recent paper is [AT04] which presents efficient
synthesis approaches for the fragment consisting of a Boolean combinations of
formulas of the form always p.
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Chapter 2 and 3 proceed by restricting the logic that is allowed for synthesis.
Chapter 2 presents a synthesis procedure that builds on nondeterministic Büchi
automata. This approach is very efficient, but handles a relatively modest subset
of PSL. We show an application of this approach to complete the details of par-
tially implemented systems. Partially implemented systems turn up in the repair
of faulty systems, which need to be modified to fulfill their specification [SB05].

Chapter 3 can be viewed as a generalization of the results of [AMPS98] and [AT04]
into the wider class of Generalized Reactivity[1] formulas (GR[1]). Following the
developments in [KPP05], we show how any synthesis problem whose specifi-
cation is a GR[1] formula can be solved in time N3. Furthermore, we present a
symbolic algorithm for extracting a design (program) which implements the spec-
ification. We make an argument that the class of GR[1] formulas is sufficiently
expressive to provide complete specifications of many designs.

Chapter 4 presents a complete approach to synthesis of PSL. It is based on an
approach by [KV05] to avoid Safra’s construction. Even though the complexity
of the procedure remains doubly exponential in the size of the specification, the
implementation is simpler and likely to be more efficient.

The three approaches complement each other by occupying different points on the
tradeoff between complexity and expressiveness. None of the approaches by it-
self will yield a solution that is generally applicable. Rather, the correct approach
should be selected depending on the properties provided. Ideally, one could try
each approach in turn, from cheap to expensive, and utilize its results if the ap-
proach is able to synthesize a system.
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2 Nondeterministic Approach
The approach described in this section uses nondeterministic automata to represent
the given specification. It is less expensive than the other approaches and works
only for a subset of PSL specifications. It is mainly used to repair faulty systems
based on completing partially implemented systems. To repair a faulty system we
“free” components likely to be responsible for the fault and get a partially imple-
mented system. Then we search for a new implementation of the free components.
Therefore, we explain this approach starting from a partially implemented sys-
tem. At the end of this chapter we show how the approach can be used to perform
synthesis without having parts of the system already implemented.

Starting from a partially implemented system we construct a game between two
players, the environment and the system. The environment can determine the in-
puts values of the game. The system tries to choose an implementation for the
unimplemented parts in such a way that the given specification is fulfilled. The
specification defines the winning condition of this two-player game. A winning
strategy for the system corresponds to a valid implementation of the unrestricted
parts of the original system. Depending on the winning condition we obtain either
a finite state or a memoryless winning strategy. In 2.2, we show how to construct
the game out of a partially implemented system and we define a winning condi-
tion. In Section 2.3, we describe a way to solve this game and we explain how to
obtain a winning strategy. A finite state strategy for the game corresponds to an
implementation that adds states to the system. Since in the repair setting we want
an implementation that is as close as possible to the original system, we need a
memoryless strategy. In 2.4, we show that it is NP-complete to decide whether a
memoryless strategy exists, and in 2.5, we present a heuristic to construct a memo-
ryless strategy. We complete the approach by extracting an implementation from a
memoryless strategy. In the last two sections we present an example for the repair
application and we describe complete synthesis based on this approach.

2.1 Preliminaries
In this section, we describe the necessary theoretical background for this approach.
We assume basic knowledge of the µ-calculus, PSL, and the translation of PSL to
Büchi automata [BDBF+05].

A game G over AP is a tuple (S,s0, I,C,δ,λ,F), where S is a finite set of states,
s0 ∈ S is the initial state, I and C are finite sets of environment inputs and system
choices, δ : S× I ×C ⇀ S is the partial transition function, λ : S → 2AP is the
labeling function, and F ⊆ Sω is the winning condition, a set of infinite sequences
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of states. With the exception of this section and Section 2.5, we will assume that
δ is a complete function. Intuitively, a game is a partially implemented finite state
machine together with a specification. The environment inputs are as usual, and
the system choices C represent the freedom of implementation. The challenge is
to find proper values for C such that F is satisfied.

Given a game G =(S,s0, I,C,δ,λ,F), a (finite state) strategy is a tuple σ =(Q,q0,µ),
where Q is a finite set of states, q0 ∈Q is the initial state, and µ : Q×S× I→ 2C×Q

is the move function. Intuitively, a strategy automaton fixes a set of possible re-
sponses to an environment input, and its response may depend on a finite memory
of the past. Note that strategies are nondeterministic. We need nondeterminism
in the following in order to have maximal freedom when we attempt to convert
a finite state strategy to a memoryless strategy. For the strategy to be winning, a
winning play has to ensue for any nondeterministic choices of the strategy.

A play on G according to σ is a finite or infinite sequence π = q0s0
i0c0−→ q1s1

i1c1−→ . . .

such that (ci,qi+1) ∈ µ(qi,si, ii), si+1 = δ(si, ii,ci), and either the play is infinite,
or there is an n such that µ(qn,sn, in) = /0 or δ(sn, in,cn) is not defined, which
means that the play is finite. A play is winning if it is infinite and s0s1 · · · ∈ F .
(If µ(qn,sn, in) = /0, the strategy does not suggest a proper system choice and the
game is lost.) A strategy σ is winning on G if all plays according to σ on G are
winning.

A memoryless strategy is a finite state strategy with only one state. We will write a
memoryless strategy as a function σ : S× I→ 2C and a play of a memoryless strat-

egy as a sequence s0
i0c0−→ s1

i1c1−→ . . . , leaving out the state of strategy automaton.

We extend the labeling function λ to plays: the output word is λ(π)= λ(s0)λ(s1) . . . .
Likewise, the input word is ι(π) = i0i1 . . . , the sequence of system inputs. The out-
put language (input language) L(G) (I(G)) of a game is the set of all λ(π) (ι(π))
with π winning.

A safety game has the condition F = {s0s1 · · · | ∀i : si ∈ A} for some A ⊆ S. The
winning condition of an LTL or PSL game is the set of sequences satisfying an
LTL or PSL formula ϕ. In this case, we will write ϕ for F . We restrict ourselves to
linear-time segment of PSL. LTL and PSL only differ in the way of constructing
an automaton for a formula, see [BDBF+05] for more details. Büchi games are
defined by a set B⊆Q, and require that a play visit the Büchi constraint B infinitely
often. For such games, we will write B for F .

Following the construction proposed in [BDBF+05] we can convert a PSL formula
ϕ over the set of atomic propositions AP to a Büchi game A = (Q,q0,2AP,C,δ,λ,B)

such that I(A) is the set of words satisfying ϕ. The system choice models the
nondeterminism of the automaton.

In order to solve games, we introduce some notation. For a set A ⊆ S, the set
MXA = {s | ∀i ∈ I∃c ∈C s′ ∈ A : (s, i,c,s′) ∈ δ} is the set of states from which the
system can force a visit to a state in A in one step. The set MAUB is defined by the
µ-calculus formula µY.B∪MX(A∩Y ). It defines the set of states from which the
system can force a visit to B without leaving A. The iterates of this computation
are Y0 = B and Y j+1 =Yj∪(A∩MXY j−1) for j > 0. From Y j the system can force a
visit to B in at most j steps. Note that there are only finitely many distinct iterates.
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We define MGA = νZ.A∩MXZ, the set of states from which the system can avoid
leaving A. Since the system has to stay in a safe region in order to win a safety
game, we use MGA to compute the winning region of the system in safety games.
For a Büchi game, we define W = νZ.MXMZU(Z∩B). The set W is the set of
states from which the system can win the Büchi game. Note that these fixpoints are
similar to the ones used in model checking of fair CTL and are easily implemented
symbolically.

Using these characterizations, we can compute memoryless strategies for safety
and Büchi games [Tho95]. For a safety game with condition A, the strategy
σ(s, i) = {c ∈C | ∃s′ ∈MGA : (s, i,c,s′) ∈ δ} is winning if and only if s0 ∈MGA.
For a Büchi game, let W = νZ.MXMZU(Z∩B). Let Y1 through Yn be the set of
distinct iterates of MWU(W ∩B) =W . We define the attractor strategy for B to be

σ(s, i) = {c ∈C | ∃ j,k < j,s′ ∈Yk : s ∈Yj \Yj−1,(s, i,c,s
′) ∈ δ}∪

{c ∈C | s ∈Y0,∃s
′ ∈W,∃i ∈ I : (s, i,c,s′) ∈ δ}.

The attractor strategy brings the system ever closer to B, and then brings it back to
a state from which it can force another visit to B.

2.2 Constructing a Game
Suppose that we are given a partially implemented system and we want it to fulfill
a given PSL specification. Our problem is to find a simple extension to the system
such that the specification holds on the complete system.

Using a small example we explain how the approach works. Assume we are
given the circuit depict in Figure 1. It represents a simple arbiter with a missing
implementation of one of its components. The arbiter should adhere to the fol-
lowing specification ϕ = always (r→ (a∨ next! a)) ∧always (a→ ¬next! a)

∧always (¬r until a).

The unimplemented component is labeled with a question mark and we aim for an
output function f of this component in terms of the input and the state variables.
The game between the system and the environment proceeds as follows: In every
time step the environment determines the input signals. In our example we have a
single input signal named r. Once the environment has selected the input values,
the system chooses an output value for the unimplemented component. Figure 2
shows the corresponding game graph. Since the given specification is a PSL for-
mula we obtain a PSL game. In Section 2.3 we show a way of solving these games.

If the given specification is an invariant, e.g., always (D1 = D0), we mark the
states violating the invariant as bad states and obtain a Safety game. We can solve
the game using the algorithm sketched in the preliminary section. Safety games
always have a memoryless winning strategy for the winning player. In Section 2.6
we show how to extract an implementation from a memoryless strategy of the
system.
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Figure 1: Partially implemented arbiter circuit
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r = 0

f = 0
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r = 1
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r = 0/1
f = 1

r = 1
f = 0

r = 0/1
f = 1

r = 0/1
f = 1

D0 = 1
D1 = 0

D0 = 1
D1 = 1

D0 = 0
D1 = 1D1 = 0

D0 = 0

Figure 2: Game graph corresponding to the partially implemented system in Fig-
ure 1. The circles of the graph are labeled with state variables and the edges are
labeled with input and system choice variables (r, f ).

2.3 Solving Games
In general, deciding LTL games is 2EXPTIME-complete [PR89b] and the problem
is even harder for PSL because of the succinctness of PSL. The common approach
to solve these games also includes a highly complex determinization construction
[Saf88]. Therefore we propose a less complicated and less expensive approach
applicable for a subset of PSL games. We discuss the restrictions of this approach
at the end of this section. In the following we describe the approach formally and
prove its applicability to PSL games.

Given two games G = (S,s0, IG,CG,δG,λG,FG) and A = (Q,q0,2AP,CA,δA,λA,

FA), let the product game be G . A = (S×Q,(s0,q0), IG,CG×CA,δ,λ,F), where
δ((s,q), iG,(cG,cA)) =

(

δG(s, iG,cG),δA(q,λG(s),cA)
)

, λ(s,q) = λG(s), and F =

{(s0,q0),(s1,q1), · · · | s0,s1, · · · ∈ FG and q0,q1, · · · ∈ FA}. Intuitively, the output of
G is fed to the input of A, and the winning conditions are conjoined. Therefore,
the output language of the product is the intersection of the output language of the
first game and the input language of the second.

6 • Nondeterministic Approach Property-Based Logic Synthesis



s2s1

a=0a=1

(b)

q2

(a)

a=0

q1 q3

a=1

Figure 3: (a) Game in which the environment can assign the value for variable a.
(b) Automaton for eventually! always (a = 1)∨eventually! always (a = 0).

Lemma 1. For games G, A, L(G.A) = L(G)∩ I(A).

Lemma 2. Let G and A be games. If a memoryless winning strategy for G . A
exists, then there is a finite state winning strategy σ for G such that for all plays π
of G according to σ, λ(π) ∈ L(G) and λ(π) ∈ I(A).

The finite state strategy σ is the product of A and the memoryless (single state)
strategy for G.A. If FG = Sω, then σ is the winning strategy for the game G with
the winning condition defined by A. The following result (an example of game
simulation, cf. [Tho95]) follows from the lemma above 2.

Theorem 1. Let G = (S,s0, I,C,δ,λ,ϕ) be a PSL game, let G′ be as G but with the
winning condition Sω, and let A be a Büchi game with I(A) = L(G). If there is a
memoryless winning strategy for the Büchi game G′ . A then there is a finite state
winning strategy for G.

Note that the converse of the theorem does not hold. In fact, Harding [Har05]
shows that we are guarantee to find a winning strategy iff the game fulfills the
property and the automaton is trivially determinizable, i.e., we can make it deter-
ministic by removing edges without changing the language.

For example, there is no winning strategy for the game shown in Fig. 3. If the au-
tomaton for the property eventually! always (a = 1)∨eventually! always (a =

0)) moves to the state q3, the environment can decide to move to s2 (set a = 0), a
move that the automaton cannot match. If, on the other hand, the automaton waits
for the environment to move to s2, the environment can stay in s1 forever and thus
force a non-accepting run. Hence, although the game fulfills the formula, we can-
not give a strategy. Note that this problem depends not only on the structure of the
automaton, but also on the structure of the game. For instance, if we remove the
edge from s1 to s2, we can give a strategy for the product.

In general, the translation of an LTL formula to a deterministic automaton requires
a doubly exponential blowup and the best known upper bound for deciding whether
a translation is possible is EXPSPACE [KV98]. To prevent this blowup, we can
either use heuristics to reduce the number of nondeterministic states in the automa-
ton [ST03], or we can use a restricted subset of temporal logic. Maidl [Mai00]
shows that translations in the style of [GPVW95] yield deterministic automata for
the formulas in the set LTLdet, which is defined as follows: If ϕ1 and ϕ2 are LTLdet

formulas, and p is a predicate, then p, ϕ1∧ϕ2, next! ϕ1, (p∧ϕ1)∨(¬p∧ϕ2), (p∧
ϕ1) until! (¬p∧ϕ2), and (p∧ϕ1) until (¬p∧ϕ2) are LTLdet formulas. Note
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that this set includes invariants (always p) and ¬p until! p = eventually!
LTLdet describes the intersection of LTL and CTL. In fact, deterministic Büchi au-
tomata describe exactly the properties expressibly in the alternation-free µ-calculus,
a superset of CTL [KV98].

Alur and La Torre [AT04] define a set of formulas for which we can compute de-
terministic automata using a different tableau construction. These formulas are
Boolean combinations of subformulas written using a restricted set of operators.
They give an appropriate construction for the case in which the subformulas are
constructed using only eventually! , next! , and ∧. In contrast, if the subformu-
las are built using eventually! , ∨, and ∧ or always and eventually! , they
show that the size of a corresponding deterministic automaton is necessarily dou-
bly exponential in the size of the formula. Since trivially deterministic automata
can be made deterministic by removing edges, they can be no smaller than the
smallest possible deterministic automaton and thus there are no exponential-size
trivially deterministic automata for the latter two groups.

2.4 Memoryless Strategies are NP-Complete

The finite state strategy corresponding to the product game defined in the last sec-
tion may be quite awkward to implement as it requires the program to keep track
of the state of the automaton. This means that we have to add extra state, which we
have to update whenever a variable changes that is referenced in the specification.
Instead, we wish to construct a memoryless strategy. Such a strategy corresponds
to an implementation of the component that does not require additional state.

It follows from the results of Fortune, Hopcroft, and Wyllie [FHW80] that given
a directed graph G and two nodes v and w, it is NP-complete to compute whether
there are node-disjoint paths from v to w and back. Assume that we build a game G ′

based on the graph G. The acceptance condition is that v and w are visited infinitely
often, which can easily be expressed by a Büchi automaton. Since the existence of
a memoryless strategy for G′ implies the existence of two node-disjoint paths from
v to w and back, we can deduce the following theorem.

Theorem 2. Deciding whether a game with a winning condition defined by a Büchi
automaton has a memoryless winning strategy is NP-complete.

It follows that for PSL games there is no algorithm to decide whether there is
a memoryless winning strategy that runs in time polynomial in the size of the
underlying graph, unless P = NP, even if a finite state strategy is given.
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Figure 4: Fig. a, b, c show three games with the winning condition that states 1
and 2 are both visited infinitely often. Multiple outgoing arcs from a state model a
system choice. The winning condition is defined by the Büchi automaton shown in
Fig. d. For Fig. a, the strategies for States A, B, and C coincide, and a memoryless
strategy exists. For Fig. b, no memoryless strategy exists, and for Fig. c, a memo-
ryless strategy exists, but it is not equal to the intersection of all the strategies for
states A, B, and C. (The strategies are contradictory for the state on the right.)

2.5 Heuristics for Memoryless Strategies
Since we cannot compute a memoryless strategy in polynomial time, we use a
heuristic. Given a memoryless strategy for the product game, we construct a strat-
egy that is common to all states of the automaton, which is our candidate for a
memoryless strategy on the program game. Then, we compute whether the candi-
date is a winning strategy, which is not necessarily the case. Note that invariants
have an automaton consisting of one state and thus the memoryless strategy for the
product game is a memoryless strategy for the program game.

Recall that the product game is G . A = (S×Q,(s0,q0), IG,CG×CA,δ,λ,B). Let
σ : (S×Q)× IG→ 2CG×CA be the attractor strategy for condition B. Note that the
strategy is immaterial on nodes that are either not reachable (under any choice of
the system) or not winning (and thus will be avoided by the system). Let R be the
set of reachable states of the product game, and let W be the set of winning states.
We define

τ′(s, iG) =
{

cG

∣

∣ ∀q ∈ Q :
(

(s,q) /∈ R∩W or ∃cA ∈CA : (cG,cA) ∈ σ((s,q), iG)
)}

.

Intuitively, we obtain τ′ by taking the moves common to all reachable, winning
states of the strategy automaton.1 See Fig. 4 for an illustration of the limitations of
the approach.

If τ′ is winning, then so is σ, but the converse does not hold. To check whether τ ′

is winning, we construct a game G′ from G by restricting the transition relation to
adhere to τ′: δ′ = {(s, i,c,s′) ∈ δ | c ∈ τ′(s, i)}. This may introduce states without
a successor. We see whether we can avoid such states by computing W ′ = MGS.

1We may treat multiple B üchi constraints, if present, in the same manner. This is equivalent to
using the counting construction.
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If we find that s0 /∈W ′, we cannot avoid visiting a dead-end state, and we give
up trying to find an implementation. If, on the other hand, s0 ∈W ′, we get our
final memoryless strategy τ by restricting τ′ to W ′, which ensures that a play that
starts in W ′ remains there and never visits a dead-end. We thus reach our main
conclusion in the following theorem.

Theorem 3. If s0 ∈W ′ then τ is a winning strategy of G.

2.6 Extracting an Implementation
This section shows a symbolic method to extract an implementation statement
from a memoryless strategy. We determinize the strategy by finding proper as-
signments to the system choices that can be used in the suspect locations. For any
given state of the program, the given strategy may allow for multiple assignments,
which gives us room for optimization.

We may not want the implementation to depend on certain variables of the pro-
gram, for example, because they are out of the scope of the component that is
being implemented. In that case, we can universally quantify these variables from
the strategy and its winning region and check that the strategy still supplies a valid
response for all combinations of state and input.

For each assignment to the system choice variables, we calculate a set P j ⊆ S× I
for which the assignment is a part of the given strategy. We can use these sets P j to
suggest the implementation “if P0 then assign0 else if P1 then ...”, in
which Pj is an expression that represents the set Pj. The expression Pj, however,
can be quite complex: even for small examples it can take over a hundred lines,
which would make the suggested implementation inscrutable.

We exploit the fact that the sets Pj can overlap to construct new sets A j that are
easier to express. We have to ensure that we still cover all winning and reachable
states using the sets A j. Therefore, A j is obtained from Pj by adding or removing
states outside of a care set. The care set consists of all states that cannot be covered
by A j because they are not in Pj and all states that must be covered by A j because
they are neither covered by an Ak with k < j, nor by a Pk with k > j. We then
replace Pj with an expression for A j to get our implementation suggestion.

For simultaneous assignment to many variables, we may consider generating sug-
gestions for each variable separately, in order to avoid enumerating the domain.
For example, we could assign the variables one by one instead of simultaneously.

Extracting a simple implementation is similar to multi-level logic synthesis in the
presence of satisfiability don’t cares and we may be able to apply multi-level min-
imization techniques [HS96]; the problem of finding the smallest expression for
a given relation is NP-hard by reduction from 3SAT. One optimization we may
attempt is to vary the order of the Ajs, but in our experience, the suggested imple-
mentations are typically quite readable.
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int got_lock = 0;
do{

1 if (*) {
2 lock();
3 got_lock++; }
4 if (got_lock != 0) {
5 unlock();}
6 got_lock--;
7 } while(*)

void lock() {
11 assert(L = 0);
12 L = 1; }

void unlock(){
21 assert(L = 1);
22 L = 0; }

Figure 5: Locking Example

2.7 Repair Example

Since this approach is mainly used to repair faulty systems, we present an example
of an application in repair.

We repair the abstract program shown in Fig. 5 [HJMS02, GV03]. This programs
abstracts a class of concrete programs with different if and while conditions, all of
which perform simple lock request/release operations. The method lock() checks
that the lock is available and requests it. Vice versa, unlock() checks that the lock
is held and releases it. The if(*) in the first line causes the lock to be requested
nondeterministically, and the while(*) causes the loop to be executed an arbitrary
number of times. The variable got_lock is used to keep track of the status of the
lock (Lines 4 and 5). The assertions in Lines 11 and 21 constitute a safety property
that is violated, e.g., if the loop is executed twice without requesting the lock. The
fault is that the statement got_lock-- should be placed within the scope of the
preceding if.

Model-based diagnosis can be used to find a candidate for the repair [MSW00]. A
diagnosis of the given example was performed in [CKW05] and localizes the fault
in Lines 1, 6, or 7. We reject the possibility of changing Line 1 or 7 because we
want the repair to work regardless of the if and while conditions in the concrete
program. Instead, we look for a faulty assignment to got_lock. Thus, we free
the RHS in Lines 3 and 6. The algorithm suggests a correct repair, got_lock=1
for Line 3 and got_lock=0 for Line 6. Note that we repair the program using a
different fault model than the one which caused it, i.e., after the repair the program
is correct, even though we did not suggest to move got_lock-- inside the scope
of the if.
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2.8 Synthesis
We can use the ideas presented in this chapter to perform synthesis without the
benefit of a partially implemented system. Starting from a specification given as
(linear-time) PSL formula we construct a nondeterministic Büchi automaton. The
atomic propositions representing input signals are controlled by the environment.
The nondeterminism and the output signals are again left to the system and we ob-
tain the Büchi game. We skip the next step of our approach, where we would build
the product game, since we have not got a partially implemented system. Instead,
we directly computed the winning strategy for the system, if one exists. Due to
the fact that we have Büchi games the winning strategies is memoryless. Once we
have a winning memoryless strategy we restrict the game to this strategy and ob-
tain a system that responds correctly no matter what input values the environment
chooses. Since we have nondeterministic strategies the system can still have some
nondeterministic choice. We remove this choice by adding an additional parameter
to the system, which allows us to switch between different correct behaviors of the
system. This is advantageous if the system is used as a test driver. Note that this
approach is also subject to the restriction mentioned in the previous sections.
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3 Reactivity[1] Synthesis
In this chapter we present an approach to the synthesis of designs whose specifi-
cation is given by a generalized reactivity[1] formulas. That is, formulas of the
form

(always eventually! p1∧ ·· ·∧always eventually! pm) =⇒ (1)

(always eventually! q1∧ ·· ·∧always eventually! qn,)

where p1, . . . , pm,q1, . . . ,qn are assertions (state formulas). We refer to this class
of properties as GR[1] properties.

3.1 Preliminaries

Linear Temporal Logic

In this section we restrict our attention to the linear segment of PSL. From this seg-
ment we single out the part that can be expressed by the operators next! , until ,
eventually! , and always . Since this fragment is isomorphic to the linear tem-
poral logic LTL, we will often refer to formulas in this fragment as LTL-formulas.

We are interested in the question of realizability of LTL specifications. Assume
two sets of variables X and Y . Intuitively X is the set of input variables controlled
by the environment and Y is the set of system variables. With no loss of gener-
ality, we assume that all variables are Boolean. Obviously, the more general case
that X and Y range over arbitrary finite domains can be reduced to the Boolean
case. Realizability amounts to checking whether there exists an open controller
that satisfies the specification. Such a controller can be represented as an automa-
ton which, at any step, inputs values of the X variables and outputs values for the Y
variables. Below we formalize the notion of checking realizability and synthesis,
namely, the construction of such controllers.

We are interested in a subset of LTL for which we solve realizability and synthesis
in polynomial time. The specifications we consider are of the form ϕ = ϕe→ ϕs.
We require that ϕα for α ∈ {e,s} can be rewritten as a conjunction of the following
parts.

• ϕα
i - a Boolean formula which characterizes the initial states of the imple-

mentation.
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• ϕα
t - a formula of the form

V

i∈I always Bi where each Bi is a Boolean com-
bination of variables from X ∪Y and expressions of the form next! v where
v ∈ X if α = e, and v ∈ X ∪Y otherwise.

• ϕα
g - a formula of the form

V

i∈I always eventually! Bi where each Bi is a
Boolean formula.

It turns out that most of the specifications written in practice can be rewritten to this
format. In Section 3.5 we discuss also cases where the formulas ϕα

g have also sub-
formulas of the form always (p→ eventually! q) where p and q are Boolean
formulas, and additional cases which can be converted to the GR[1] format.

Game Structures

We reduce the realizability problem of an LTL formula to the decision of winner
in games. We consider two-player games played between a system and an envi-
ronment. The goal of the system is to satisfy the specification regardless of the
actions of the environment. Formally, we have the following.

A game structure (GS) G : 〈V,X ,Y ,Θ,ρe,ρs,ϕ〉 consists of the following compo-
nents.

• V = {u1, . . . ,un} : A finite set of typed state variables over finite domains.
With no loss of generality, we assume they are all Boolean. We define a
state s to be an interpretation of V , assigning to each variable u ∈V a value
s[u] ∈ {0,1}. We denote by Σ the set of all states. We extend the evaluation
function s[·] to Boolean expressions over V in the usual way. An assertion is
a Boolean formula over V . A state s satisfies an assertion ϕ denoted s |= ϕ,
if s[ϕ] = true. We say that s is a ϕ-state if s |= ϕ.

• X ⊆ V is a set of input variables. These are variables controlled by the
environment. Let X denote the possible valuations to variables in X .

• Y = V \X is a set of output variables. These are variables controlled by the
system. Let Y denote the possible valuations for the variables in Y .

• Θ is the initial condition. This is an assertion characterizing all the initial
states of G. A state is called initial if it satisfies Θ.

• ρe(X ,Y ,X ′) is the transition relation of the environment. This is an as-
sertion, relating a state s ∈ Σ to a possible input value ~x′ ∈ X , by refer-
ring to unprimed copies of X and Y and primed copies of X . The tran-
sition relation ρe identifies valuation ~x′ ∈ X as a possible input in state s if
(s,~x′) |= ρe(X ,Y ,X ′) where (s,~x′) is the joint interpretation which interprets
u ∈V as s[u] and for v ∈ X interprets v′ as~x[v].

• ρs(X ,Y ,X ′,Y ′) is the transition relation of the system. This is an assertion,
relating a state s ∈ Σ and an input value ~x′ ∈ X to an output value ~y ∈ Y ,
by referring to primed and unprimed copies of V . The transition relation
ρs identifies a valuation ~y′ ∈ Y as a possible output in state s reading input
~x′ if (s,~x′,~y′) |= ρs(V,V ′) where (s,~x′,~y′) is the joint interpretation which
interprets u ∈ X as s[u], u′ as~x′[u], and similarly for v ∈ Y .
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• ϕ is the winning condition, given by an LTL formula.

For two states s and s′ of G, s′ is a successor of s if (s,s′) |= ρe ∧ ρs. We freely
switch between (s,~x′) |= ρe and ρe(s,~x′) = 1 and similarly for ρs. A play σ of G
is a maximal sequence of states σ : s0,s1, . . . satisfying initiality namely s0 |= Θ,
and consecution namely, for each j ≥ 0, s j+1 is a successor of s j . Let G be an GS

and σ be a play of G. From a state s, the environment chooses an input~x′ ∈ X such
that ρe(s,~x′) = 1 and the system chooses an output ~y′ ∈ Y such that ρs(s,~x′,~y′) =

ρs(s,s′) = 1.

A play σ is winning for the system if it is infinite and if satisfies ϕ. Otherwise, σ is
winning for the environment.

A strategy for the system is a partial function f : Σ+×X 7→ Y such that if σ =

s0, . . . sn then for every~x′ ∈ X such that ρe(sn,~x′) = 1 we have ρs(sn,~x′, f (σ ·~x′)) =

1. Let f be a strategy for the system, and s0 ∈ Σ. A play s0,s1, . . . is said to be
compliant with strategy f if for all i ≥ 0 we have f (s0, . . . ,si,si+1[X ]) = si+1[Y ],
where si+1[X ] and si+1[Y ] are the restrictions of si+1 to variable sets X and Y ,
respectively. Strategy f is winning for the system from state s ∈ ΣG if all s-plays
(plays departing from s) which are compliant with f are winning for the system.
We denote by Ws the set of states from which there exists a winning strategy for
the system. A strategy for player environment, winning strategy, and the winning
set We are defined dually. A GS G is said to be winning for the system if all initial
states are winning for the system.

Given an LTL specification ϕe→ϕs as explained above and sets of input and output
variables X and Y we construct a GS as follows. Let ϕα = ϕα

i ∧ϕα
t ∧ϕα

g for α ∈
{e,s}. Then, for Θ we take ϕe

i ∧ϕs
i . Let ϕα

t =
V

i∈I always Bi, then ρα =
V

i∈I τ(Bi),
where the translation τ replaces each instance of next! v by v′. Finally, we set ϕ =

ϕe
g → ϕs

g. We solve the game, attempting to decide whether the game is winning
for the environment or the system. If the environment is winning the specification
is unrealizable. If the system is winning, we synthesize a winning strategy which
is a working implementation for the system as explained in Section 3.3.

Compatibility with Previous Definition of Games

In Section 2.1 we presented a general definition of a game as given by a tuple
(S,s0, I,C,δ,λ,F). The definition of game structure as presented here is a particu-
lar syntactic instantiation of the general definition. In this instantiation, states are
represented as a valuation of state variables. The environment inputs I and system
actions C are represented in the syntactic game structures as the interpretations of
the input variables X and output variables Y , respectively. Similarly, the transition
function δ is captured by the combination of the transition relation ρe and ρs.
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Fair Discrete Systems

We present implementations as a degenerate form of fair discrete systems (FDS)
[KP00]. A fairness-free FDS D : 〈V,Θ,ρ〉 consists of the following components.

• V = {u1, ...,un} : A finite set of Boolean variables. We define a state s to be
an interpretation of V . Denote by Σ the set of all states. Assertions over V
and satisfaction of assertions are defined like in games.

• Θ : The initial condition. This is an assertion characterizing all the initial
states of the FDS. A state is called initial if it satisfies Θ.

• ρ : A transition relation. This is an assertion ρ(V,V ′), relating a state s ∈ Σ
to its D-successor s′ ∈ Σ.

We define a run of the FDS D to be a maximal sequence of states σ : s0,s1, ...,

satisfying the requirements of

• Initiality: s0 is initial, i.e., s0 |= Θ.

• Consecution: For every j ≥ 0, the state s j+1 is a D-successor of the state s j .

The sequence σ being maximal means that either σ is infinite, or σ = s0, . . . ,sk and
sk has no D-successor.

We say that an FDS D implements specification ϕ if every run of D is infinite, and
every run of D satisfies ϕ.

3.2 µ-calculus and Games

In [KPP05], we consider the case of GR[1] games (called there generalized Streett[1]
games). In these games the winning condition is an implication between conjunc-
tions of recurrence formulas (always eventually! ϕ where ϕ is a Boolean for-
mula). These are exactly the types of goals in the games we defined in Section 3.1.
We show how to solve such games in cubic time [KPP05]. We re-explain here how
to compute the winning regions of each of the players and explain how to use the
algorithm to extract a winning strategy. We start with a definition of µ-calculus
over game structures. We give the µ-calculus formula that characterizes the set of
winning states of the system. We explain how we construct from this µ-calculus
formula an algorithm to compute the set of winning states. Finally, by saving
intermediate values in the computation, we can construct a winning strategy and
synthesize an FDS that implements the goal.
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µ-calculus over Games Structures

We define µ-calculus [Koz83] over game structures. Let G : 〈V,X ,Y ,Θ,ρe,ρs,ϕ〉
be a GS. For every variable v ∈ V the formulas v and ¬v are atomic formulas.
Let Var = {X ,Y, . . .} be a set of relational variables. The µ-calculus formulas are
constructed as follows.

ϕ ::= v | ¬v | X | ϕ∨ϕ | ϕ∧ϕ | � ϕ | � ϕ | µXϕ | νXϕ

A formula ψ is interpreted as the set of G-states in Σ in which ψ is true. We write
such set of states as [[ψ]]eG where G is the GS and e : Var→ 2Σ is an environment.
The environment assigns to each relational variable a subset of Σ. We denote by
e[X ← S] the environment such that e[X ← S](X) = S and e[X ← S](Y ) = e(Y ) for
Y 6= X . The set [[ψ]]eG is defined inductively as follows2.

• [[v]]eG = {s ∈ Σ | s[v] = 1}

• [[¬v]]eG = {s ∈ Σ | s[v] = 0}

• [[X ]]eG = e(X)

• [[ϕ∨ψ]]eG = [[ϕ]]eG∪ [[ψ]]eG

• [[ϕ∧ψ]]eG = [[ϕ]]eG∩ [[ψ]]eG

• [[
� ϕ]]eG =

{

s ∈ Σ
∣

∣

∣

∣

∀~x′, (s,~x′) |= ρe→∃~y′ such that (s,~x′,~y′) |= ρs

and (~x′,~y′) ∈ [[ϕ]]eG

}

A state s is included in [[
� ϕ]]eG if the system can force the play to reach a

state in [[ϕ]]eG. That is, regardless of how the environment moves from s, the
system can choose an appropriate move into [[ϕ]]e

G.

• [[ � ϕ]]eG =

{

s ∈ Σ
∣

∣

∣

∣

∃~x′ such that (s,~x′) |= ρe and
∀~y′, (s,~x′,~y′) |= ρs→ (~x′,~y′) ∈ [[ϕ]]eG

}

A state s is included in [[ � ϕ]]eG if the environment can force the play to
reach a state in [[ϕ]]eG. As the environment moves first, it chooses an input
~x′ ∈ X such that for all choices of the system the successor s is in [[ϕ]]e

G.

• [[µXϕ]]eG = ∪iSi where S0 = /0 and Si+1 = [[ϕ]]
e[X←Si ]
G

• [[νXϕ]]eG = ∩iSi where S0 = Σ and Si+1 = [[ϕ]]
e[X←Si ]
G

When all the variables in ϕ are bound by either µ or ν the initial environment is not
important and we simply write [[ϕ]]G. In case that G is clear from the context we
simply write [[ϕ]].

The alternation depth of a formula is the number of alternations in the nesting of
least and greatest fixpoints. A µ-calculus formula defines a symbolic algorithm
for computing [[ϕ]] [EL86]. For a µ-calculus formula of alternation depth k, the
run time of this algorithm is O(|Σ|k). For a full exposition of µ-calculus we refer
the reader to [Eme97]. We often abuse notations and write a µ-calculus formula ϕ
instead of the set [[ϕ]].

2Only for finite game structures.
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In some cases, instead of using a very complex formula, it may be more readable
to use vector notation as in Equation (2) below.

ϕ = ν
[

Z1

Z2

][

µY (
�

Y ∨ p∧
�

Z2)

µY (
�

Y ∨ q∧
�

Z1)

]

(2)

Such a formula, may be viewed as the mutual fixpoint of the variables Z1 and Z2 or
equivalently as an equal formula where a single variable Z replaces both Z1 and Z2

and ranges over pairs of states [Lic91]. The formula above characterizes the set of
states from which system can force the game to visit p-states infinitely often and
q-states infinitely often. We can characterize the same set of states by the following
‘normal’ formula3.

ϕ = νZ ([µY (
�

Y ∨ p∧
�

Z)] ∧ [µY (
�

Y ∨ q∧
�

Z)])

Solving GR[1] Games

Let G be a game where the winning condition is of the following form.

ϕ :
m̂

i=1

always eventually! J1
i =⇒

n̂

j=1

always eventually! J2
j

Here {J1
i } and {J2

j } are Boolean formulas. In [KPP05] we refer to these games
as generalized Streett[1] games and provide the following µ-calculus formula to
solve them. Let j⊕1 = ( j mod n)+1.

ϕ = ν





























Z1

Z2

...

...

Zn































































µY

(

m
_

i=1

νX(J2
1 ∧

�
Z2 ∨

�
Y ∨ ¬J1

i ∧
�

X)

)

µY

(

m
_

i=1

νX(J2
2 ∧

�
Z3 ∨

�
Y ∨ ¬J1

i ∧
�

X)

)

...

...

µY

(

m
_

i=1

νX(J2
n ∧

�
Z1 ∨

�
Y ∨ ¬J1

i ∧
�

X)

)



































(3)

Intuitively, for j ∈ [1..n] and i ∈ [1..m] the greatest fixpoint νX(J 2
j ∧

�
Z j⊕1 ∨�

Y ∨ ¬J1
i ∧

�
X) characterizes the set of states from which the system can force

the play either to stay indefinitely in ¬J1
i states (thus violating the left hand side of

the implication) or in a finite number of steps reach a state in the set J 2
j ∧

�
Z j⊕1 ∨�

Y . The two outer fixpoints make sure that the system wins from the set J 2
j ∧�

Z j⊕1 ∨
�

Y . The least fixpoint µY makes sure that the unconstrained phase of

3This does not suggest a canonical translation from vector formulas to plain formulas. The same
translation works for the formula in Equation (3) below. Note that the formula in Equation (2) and the
formula in Equation (3) have a very similar structure.
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a play represented by the disjunct
�

Y is finite and ends in a J2
j ∧

�
Z j⊕1 state.

Finally, the greatest fixpoint νZ j is responsible for ensuring that, after visiting J2
j ,

we can loop and visit J2
j⊕1 and so on. By the cyclic dependence of the outermost

greatest fixpoint, either all the sets in J2
j are visited or getting stuck in some inner

greatest fixpoint, where some J1
i is visited only finitely many times.

We include below a (slightly simplified) code of the implementation of this µ-
calculus formula in TLV. We denote Jα

i for α ∈ {1,2} by Ji(i,α) and
�

by cpred
(standing for controlled predecessor). The TLV statement Fix(exp) S End iter-
ates statement S until the values of the expression exp at the end of two successive
iterations are identical. Statement S is iterated at least twice. The Fix statement
can be used to compute both a least- and a greatest-fixpoint, depending on the
initial value of exp.

Func winm(m, n);

Let z := 1;
Fix(z) -- Maximal fixpoint on z

For (j in 1...n)
Let r := 1;

Let y := 0;

Fix (y) -- Minimal fixpoint on y
Let start := Ji(j,2) & cpred(z) | cpred(y);

Let y := 0;
For (i in 1...m)

Let x := z;
Fix (x) -- Maximal fixpoint within z on x

Let x := start | !Ji(i,1) & cpred(x);
End -- Fix (x)

Let x[j][r][i] := x; // store values of x
Let y := y | x;

End -- For (i in 1...m)
Let y[j][r] := y; // store values of y

Let r := r + 1;
End -- Fix (y)

Let z := y;
Let maxr[j] := r - 1;

End -- For (j in 1...m)
End -- Fix(z)

Return z;
End -- Func winm(m, n);

We use the sets y[ j][r] and their subsets x[ j][r][i] to define N strategies for the
system. The strategy f j is defined on the states in Z j. We show that the strategy
f j either forces the play to visit J2

j and then proceed to Z j⊕1, or eventually avoid
some J1

i . We show that by combining these strategies, either the system switches
strategies infinitely many times and ensures that the play be winning according
to right hand side of the implication or eventually uses a fixed strategy ensuring
that the play does not satisfy the left hand side of the implication. Essentially, the
strategies are “go to y[ j][r] for minimal r” until getting to a J2

j state and then switch
to strategy j⊕1 or “stay in x[ j][r][i]”.
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It follows that we can solve realizability of LTL formulas in the form that interests
us in polynomial (cubic) time.

Theorem 4. [KPP05] Given sets of variables X , Y whose set of possible valua-
tions is Σ and an LTL formula ϕ with m and n conjuncts, we can determine using
a symbolic algorithm whether ϕ is realizable in time proportional to (nm|Σ|)3.

3.3 Synthesis
We show how to use the intermediate values in the computation of the fixpoint
to produce an FDS that implements ϕ. The FDS basically follows the strategies
explained above.

Let X , Y , and ϕ be as above. Let G : 〈X ∪Y ,X ,Y ,ρe,ρs,Θ,ϕg〉 be the GS defined
by X , Y , and ϕ. We construct the following FDS. Let D : 〈VD ,X ,YD ,ΘD ,ρ〉
where VD =V ∪{ jx} and jx ranges over [1..n], YD = Y ∪{ jx}, ΘD = Θ∧( jx = 1).
The variable jx is used to store internally which strategy should be applied. The
transition ρ is the disjunction of the following three transitions:

Transition ρ1 is the transition taken when a J2
j state is reached and we change strat-

egy from f j to f j⊕1. Accordingly, all the disjuncts in ρ1 change jx. Transition ρ2

is the transition taken in the case that we can get closer to a J2
j state. These tran-

sitions go from states in some set y[ j][r] to states in the set y[ j][r ′] where r′ < r.
We take care to apply this transition only to states s for which r > 1 is the min-
imal index such that s ∈ y[ j][r]. Transition ρ3 is the transition taken from states
s ∈ x[ j][r][i] such that s |=¬J1

i and the transition takes us back to states in x[ j][r][i].
Repeating such a transition forever will also lead to a legitimate computation be-
cause it violates the environment requirement of infinitely many visits to J 1

i -states.
Again, we take care to apply this transition only to states for which (r, i) are the
(lexicographically) minimal indices such that s ∈ x[ j][r][i].

Let y[ j][< r] denote the set
S

l∈[1..r−1] y[ j][l]. We write (r′, i′) ≺ (r, i) to denote
that the pair (r′, i′) is lexicographically smaller than the pair (r, i). That is, either
r′ < r or r′ = r and i′ = i. Let x[ j][≺(r, i)] denote the set

S

(r′,i′)≺(r,i) x[ j][r′][i′]. The
transitions are defined as follows.

ρ1 =
_

j∈[1..n]

( jx= j)∧ z∧ J2
j ∧ρe∧ρs∧ z′∧ ( jx′= j⊕1)

ρ2( j) =
_

r>1

y[ j][r]∧¬y[ j][< r]∧ρe∧ρs∧ y′[ j][< r]

ρ2 =
_

j∈[1..n]

( jx= jx′= j)∧ρ2( j)

ρ3( j) =
_

r

_

i∈[1..m]

x[ j][r][i]∧¬x[ j][≺(r, i)]∧¬J1
i ∧ρe∧ρs∧ x′[ j][r][i]

ρ3 =
_

j∈[1..n]

( jx= jx′= j)∧ρ3( j)
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The conjuncts ¬y[ j][< r] and ¬x[ j][≺(r, i)] appearing in transitions ρ2( j) and ρ3( j)
ensure the minimality of the indices to which these transitions are respectively
applied.

Notice that the above transitions can be computed symbolically. We include below
the TLV code that symbolically constructs the transition relation of the synthesized
FDS and places it in trans. We denote the conjunction of ρe and ρs by trans12.

To symb_strategy;
Let trans := 0;

For (j in 1...n)
Let jp1 := (j mod n) + 1;

Let trans := trans | (jx=j) & z & Ji(j,2) & trans12 &
next(z) & (next(jx)=jp1);

End -- For (j in 1...n)

For (j in 1...n)
Let low := y[j][1];

For (r in 2...maxr[j])
Let trans := trans | (jx=j) & y[j][r] & !low &

trans12 & next(low) & (next(jx)=j);
Let low := low | y[j][r];

End -- For (r in 2...maxr[j])
End -- For (j in 1...n)

For (j in 1...n)
Let low := 0;

For (r in 2...maxr[j])
For (i in 1...m)

Let trans := trans | (jx=j) & x[j][r][i] & !low
& !ji(i,1) & trans12 &

next(x[j][r][i]) & (next(jx)=j);
Let low := low | x[j][r][i];

End -- For (i in 1...m)
End -- For (r in 2...maxr[j])

End -- For (j in 1...n)
End -- To symb_strategy;

Minimizing the Strategy

We have created an FDS that implements an LTL goal ϕ. The set of variables of
this FDS includes the given set of input and output variables as well as a ‘mem-
ory’ variable jx. We have quite a liberal policy of choosing the next successor in
the case of a visit to J2

j . We simply choose some successor in the winning set.
Here we minimize (symbolically) the resulting FDS. A necessary condition for the
soundness of this minimization is that the specification be insensitive to stuttering.

Notice, that our FDS is deterministic. For every state and every possible assign-
ment to the variables in X ∪Y there exists at most one successor state with this
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assignment. Thus, removing transitions seems to be of lesser importance. We
concentrate on removing redundant states.

As we are using the given sets of variables X and Y the only possible candi-
date states for merging are states that agree on the values of variables in X ∪Y
and disagree on the value of jx. If we find two states s and s′ such that ρ(s,s′),
s[X ∪Y ] = s′[X ∪Y ], and s′[ jx] = s[ jx]⊕1, we remove state s. We direct all its
incoming arrows to s′ and remove its outgoing arrows. Intuitively, we can do that
because for every computation that passes through s there exists a computation that
stutters once in s (due to the assumption of stuttering insensitivity). This modified
computation passes from s to s′ and still satisfies all the requirements (we know
that stuttering in s is allowed because there exists a transition to s′ which agrees
with s on all variables).

As mentioned this minimization is performed symbolically. As we discuss in Sec-
tion 3.4, it turns out that the minimization actually increases the size of the result-
ing BDDs. It seems to us that for practical reasons we may want to keep the size
of BDDs minimal rather than minimize the automaton. The symbolic implementa-
tion of the minimization is given below. The transition obseq includes all possible
assignments to V and V ′ such that all variables except jx maintain their values. It
is enough to consider the transitions from j to j⊕1 for all j and then from n to j
for all j to remove all redundant states. This is because the original transition just
allows to increase jx by one.

For (j in 1..n)
Let nextj := (j mod n)+1;

reduce(j,nextj);
End -- For (j in 1..n)

For (j in 1..n-1)

reduce(n,j)
End -- For (j in 1..n-1)

Func reduce(j,k)

Let idle := trans & obseq & jx=j & next(jx)=k;
Let states := idle forsome next(V);

Let add_trans :=
((trans & next(states) & next(jx)=j) forsome jx) &

next(jx)=k;
Let rem_trans := next(states) & next(jx)=j1 |

states & jx=j1;
Let add_init := ((init & states & jx=j1) forsome jx) &

jx=k;
Let rem_init := states & jx=j;

Let trans := (trans & !rem_trans) | add_trans;
Let init := (init & !rem_init) | add_init;

Return;

End -- Func reduce(j,k)
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3.4 Example

As an example we consider the case of an arbiter. Our arbiter has n input lines
in which clients request permissions and n output lines in which the clients are
granted permission. We assume that initially the requests are set to zero, once a
request has been made it cannot be withdrawn, and that the clients are fair, that is
once a grant to a certain client has been given it eventually releases the resource
by lowering its request line. Formally, the assumption on the environment in LTL
format is below.

^

i

(ri∧always ((ri 6=gi)→ (ri=next! ri))∧always ((ri∧gi)→ eventually! ri))

We expect the arbiter to initially give no grants, give at most one grant at a time
(mutual exclusion), give only requested grants, maintain a grant as long as it is
requested, to supply (eventually) every request, and to take grants that are no longer
needed. Formally, the requirement from the system in LTL format is below.

^

i6= j

always ¬(gi∧g j)∧
^

i



gi∧

















always ((ri=gi) → (gi=next! gi)) ∧

always ((ri∧gi) → eventually! gi) ∧

always ((ri∧gi) → eventually! gi)





















The resulting game is G : 〈V,X ,Y ,ρe,ρs,ϕ〉 where

• X : {ri | i = 1, . . . ,n}

• Y : {gi | i = 1, . . . ,n}

• Θ :
V

i(ri∧gi)

• ρe :
V

i((ri 6=gi)→ (r′i=ri))

• ρs :
V

i6= j¬(g′i∧g′j)∧
V

i((ri=gi)→ (g′i = gi))

• ϕ :
^

i

always ((ri∧gi)→ eventually! ri) →

^

i

[

always ((ri∧gi)→ eventually! gi) ∧

always ((ri∧gi)→ eventually! gi)

]

We simplify ϕ by replacing “always ((ri∧gi)→ eventually! ri)” by the formula
“always eventually!¬(ri∧gi)” and replacing the two formulas “always ((ri∧

gi)→ eventually! gi)” and “always ((ri ∧ gi)→ eventually! gi)” by the sin-
gle formula “always eventually! (ri=gi)”. This results in the simpler goal:

ϕ :
^

i

always eventually!¬(ri∧gi)→
^

i

always eventually! (ri=gi)
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Figure 6: Arbiter for 2

3.5 Extensions
The class of specifications to which the N3-synthesis algorithm is applicable is
wider than the limited form presented in Equation (1). The algorithm can be ap-
plied to any specification of the form (

Vm
i=1 ϕi) =⇒ (

Vn
j=1 ψ j), where each ϕi and

ψ j can be specified by an LTL formula of the form always eventually! q for a
past formula q. Equivalently, each ϕi and ψ j should be specifiable by a determin-
istic Büchi automaton. This is, for example, the case of the original version of the
Arbiter, where the liveness conjuncts were each a response formula of the form
always (p =⇒ eventually! q).

The way we deal with such a formula is to add to the game additional variables
and a transition relation which encodes the deterministic Büchi automaton. For
example, to deal with a formula always (p =⇒ eventually! q), we add to the
game variables a new Boolean variable x with initial condition x = 1, and add to
the transition relation ρe the additional conjunct

x′ = (q∨ x∧¬p)

We then replace in the specification the formula “always (p =⇒ eventually! q)”
by the conjunct “always eventually! x”. It is not difficult to see that this is a
sound transformation. That is, the formula always (p =⇒ eventually! q) is
satisfied by a sequence σ iff there exists an interpretation of the variable x which
satisfies the added transition relation and also equals 1 infinitely many times.
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4 Complete Approach
In this section we describe in detail a general approach for synthesizing specifi-
cations given as arbitrary formulas in the linear-time segment of PSL. It was re-
cently proposed by Kupferman and Vardi in [KV05] for LTL. We summarize the
approach by applying it to the linear-time segment of PSL. The approach avoids
Safra’s intricate construction and nondeterministic parity tree automata, which are
both necessary for the standard automata-theoretic approach to synthesis. Instead it
uses a sequence of relatively simple automata translations. The complexity bound
is doubly exponential but each translation leaves space for optimization. The ap-
proach works as follows. First, a nondeterministic Büchi word automaton for the
negation of the specification is constructed and translated into a universal co-Büchi
tree automaton that recognizes all trees containing only paths that satisfy the spec-
ification. This translation demands the first exponent of the complexity bound.
Then, the tree automaton is translated into an alternating weak tree automaton,
from which a nondeterministic Büchi tree automaton is built. The latter transla-
tion causes the second exponential blow-up. Finally, language emptiness for this
nondeterministic Büchi automaton is computed. If the language is not empty the
computation provides a witness, which corresponds to a correct implementation of
the given specification.

In Section 4.1 we start by giving some formal definitions. Section 4.2 describes the
translation of a PSL formula to a universal co-Büchi tree automaton. In Section 4.3
and 4.4 we describe the necessary automata translations. For the proofs we refer
to [KV05]. Finally, we describe how to compute language emptiness and obtain
the corresponding implementation.

4.1 Preliminaries
For a set D of directions, a D-tree is defined as a set T ⊆ D∗ such that if x · c ∈ T
where x ∈ D∗, then also x ∈ T . The elements of T are called nodes and the empty
word ε is the root of T . For every x∈ T , the nodes x ·c, for c∈D, are the successors
of x. If T = D∗, we say T is a full D-tree. A path π of a tree T is a set π⊆ T such
that ε ∈ π and for every x ∈ π, either x is a leaf or it has a unique successor. Given
an alphabet Σ, a Σ-labeled D-tree is a pair (T,τ) where T is a tree and τ : T → Σ
maps each node of T to a letter in Σ.

For a set X , let B+(X) be the set of Boolean formulas build from elements in X
using ∧ and ∨ including the formulas true and false. Given a set Y ⊆ X and a
formula θ ∈ B+(X), we say that Y satisfies θ iff assigning true to elements in Y
and assigning false to elements in X \Y makes θ true.
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An alternating tree automaton is a tuple A = (Σ,D,Q,q0,δ,α), where Σ is the
input alphabet, D is a set of directions, Q is a finite set of states, q0 is the initial
state, δ : Q×Σ→ B+(D×Q) is the transition function, and α is the acceptance
condition, which defines a subset of Qω.

The alternating tree automaton A runs on a Σ-labeled full D-tree (T,τ). The tree is
accepted if there exists a run on A which is accepting. A run r on A is a (T ×Q)-
labeled N-tree, respecting the transition relation [MS87]. A run is accepting if
all its infinite paths satisfy the acceptance condition. Let us recall the acceptance
conditions from Section 2.1. The set of states that are visited infinitely often on a
path π are called inf (π). A path π satisfies a Büchi acceptance condition α ⊆ Q
if and only if inf (π)∩α 6= /0. A path π satisfies a co-Büchi acceptance condition
α ⊆ Q if and only if inf (π)∩α = /0. Intuitively, a tree automaton and an input
tree can be seen as two-player game where in each step the first player picks a
transition according to the node in the input tree and the second player choose the
direction.

In the following we describe special types of alternating automaton. If all the
formulas that appear in δ are disjunctions of states, the automaton is called nonde-
terministic. Dually, if all the formulas are conjunctions it is called universal. An
automaton with only one direction (|D| = 1) is called word automaton. An alter-
nating weak automaton is an alternating Büchi automaton with a special structure
of its state space. The states of an alternating weak automaton are partitioned into
partially ordered sets. Each set is classified as accepting or rejecting. The transi-
tion function is restricted so that in each transition, the automaton either stays at
the same set or moves to a set smaller in the partial order. Thus, each run of an
alternating weak automaton eventually gets trapped in some set in the partition.

We denote the different types of automata by an acronym of three letters, where the
first letter describes the branching mode (nondeterministic N, universal U, alternat-
ing A), the second letter describes the acceptance condition (Büchi B, co-Büchi C,
Weak W), and the third letter describes the object on which the automaton runs
(words W, trees T).

4.2 PSL to UCT
Given a set of properties written as a (linear-time) PSL formula ψ and a partitioning
of the atomic proposition into input I and output signals O, we aim to find a strategy
f : (2I)∗→ 2O such that all the computations of the system generated by f satisfy
ψ. Formally, a computation ρ ∈ (2I∪O)ω is generated by f if ρ = (i0 ∪ o0),(i1 ∪
o1),(i2∪o2), ... and for all j ≥ 1 : o j = f (i0 · i1 · · · i j−1). A strategy can be seen as
a 2O-labeled 2I-tree. We will define a UCT Sψ such that Sψ accepts a 2O-labeled
2I-tree (T,τ) iff it is a good strategy for ψ.

We construct a NBW A¬ψ = (2I∪O,Q,q0,δ,α) for ¬ψ using the automata con-
struction of [BDBF+05]. A¬ψ accepts exactly all the words in (2I∪O)ω that do not
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satisfy ψ. Using A¬ψ we construct Sψ = (2O,2I ,Q,q0,δ′,α), where for every q∈Q
and o ∈ 2O, we have

δ′(q,o) =
^

i∈2I

^

s∈δ(q,i∪o)

(i,s).

Sψ accepts a 2O-labeled 2I-tree (T,τ) iff for all path ε, i0, i0 · i1, i0 · i1 · i2, ... of T ,
the infinite word (i0∪ τ(ε)),(i1 ∪ τ(i0)),(i2 ∪ τ(i0 · i1)), ... is not accepted by A¬ψ.
So all the computations generated by τ satisfy ψ. If the language accepted by Sψ
is not empty, we can obtain a witness, which is precisely the 2O-labeled 2I -tree we
are aiming for. In the following sections, we translate the UCT to an equivalent
NBT on which we check for language non-emptiness.

4.3 UCT to AWT

Given a UCT A = (Σ,D,Q,q0,δ,α) which accepts some tree, we construct an
AWT A′ over the same alphabet with O(|Q|2 · 2|Q|) states, such that L(A′) 6= /0
iff L(A) 6= /0.

Let n = |Q| and k = n ·2n. We construct A′ = (Σ,D,Q′,q′0,δ′,α′) with

Q′ = Q×{0,1, . . . ,2k},

q′0 = (q0,2k),

δ′((q, i),σ) =

{

release(δ(q,σ), i) If q 6∈ α or i is even,
false If q ∈ α and i is odd,

α′ = Q×{1,3, . . . ,2k−1},

where release(θ, i) is obtained from θ by replacing an atom (c,q) by the disjunc-
tion

W

i′≤i(c,(q, i′)).

4.4 AWT to NBT

The translation of AWT to NBW is a variant of the translation of ABW to NBW
proposed by Miyano and Hayashi [MH84].

Given an AWT A = (Σ,D,Q,q0,δ,α) with n states. There is an NBT A′ with 2O(n)
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states such that L(A′) = L(A). Let

S′c = {s : (c,s) ∈ S′},

O′c = {o : (c,o) ∈O′},

sat(S,σ) ⊆ 2D×Q includes all sets of D×Q that satisfy
^

q∈S

δ(q,σ), and

(S′,O′) ∈ pairset(S,O,σ) ⇐⇒







S′ ∈ sat(S,σ),

O′ ∈ sat(O,σ),

O′ ⊆ S′.

We define A′ = (Σ,D,Q′,q′0,δ′,α′) such that

Q′ = 2Q×2Q,

q′0 = ({q0}, /0),

δ′((S,O),σ) =

{

W

(S′,O′)∈pairset(S,O,σ)

V

c∈D (c,(S′c,O
′
c \α)) If O 6= /0,

W

S′∈sat(S,σ)

V

c∈D (c,(S′c, S′c \α)) If O = /0,

α′ = 2Q×{ /0}.

Essentially, A′ guesses a subset construction applied to a run of A. At a given node
x of a run, it keeps in its memory the set of states in which the various copies of
A visit nodes x in the guessed run. In order to make sure that every infinite path
visits states in α infinitely often, A′ keeps track of states that “owe” a visit to α.

4.5 Language Emptiness
Language emptiness checking of an NBT A = (Σ,D,Q,q0,δ,α) is the same as
solving an infinite two-player game G with Büchi acceptance condition. In each
step Player 0 picks a transition which includes the choice of an input letter and
Player 1 chooses a direction. The game proceeds as follows. Player 0 starts a
game by picking an initial transition from δ and a corresponding input letter from
Σ. Player 1 determines the successor to proceed with. His opponent reacts by again
selecting a transition from δ, where the current state matches the chosen successor
state of the previous transition. The sequence of actions represents a play of the
game and induces an infinite sequence of states visited along the path across the
tree. Player 0 wins the play if this infinite state sequence satisfies the acceptance
condition of A, otherwise Player 1 wins. Player 1 tries to prevent Player 0 from
being the winner, his goal is to verify the existence of a path such that the corre-
sponding state sequence violates the acceptance condition of A. In the Büchi game
corresponding to A, Player 0 has a winning strategy if and only if the language
accepted by A is not empty. So the winning strategy represents a witness for the
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language accepted by A. In Büchi games the winning player has a memoryless
winning strategy, which means that the decisions a player has to make to win a
play depends only on the current state (no “memory of the past” is needed). We
can easily compute this memoryless winning strategy [Tho95]. When we restrict
the game to the computed winning strategy, we obtain a system, which answers
correctly to all inputs sequences and we are done.
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5 Conclusions
We have presented three approaches that tackle the problem of realizability and
synthesis for the linear-time segment of PSL. The problem is known to be highly
complex and the standard approach to synthesize LTL, which is similar to linear-
time PSL, demands the intricate determinization construction of Safra. We have
shown three different ways to control the complexity and avoid Safra’s construc-
tion. All presented approaches have their own strengths and weaknesses and so
they complement each other.

The nondeterministic synthesis approach is based on using nondeterministic Büchi
automata to deal with this complex problem. The approach is very efficient but
handles only a modest subset of PSL. We have applied the approach to comple-
tion of partially implemented systems, and in particular to program repair. The
algorithm finds readable repairs in acceptable time, though improvements in the
implementation are still possible.

Reactivity[1] synthesis solves realizability and synthesis for a substantial subset of
LTL by avoiding the construction of an automaton. We also presented an algo-
rithm which reduces the number of states in the synthesized module for the case
that the specification is stuttering insensitive. We have shown that this approach
can be applied to wide class of formulas, which covers the full set of generalized
reactivity[1] properties, and illustrated that the language is sufficiently expressive
to specify most specifications that arise in hardware designs.

The approach we presented last is a complete approach to synthesis of PSL and
is based on an approach by [KV05]. Since the approach is complete, its com-
plexity remains doubly exponential for LTL and correspondingly more complex
for the more succinct Property Specification Language. However, it avoids Safra’s
determinization construction using several relatively simple automata translations.

These three approaches together form a palette from which the user can select
the appropriate synthesis algorithm, depending on the type of properties that need
to be synthesized. We have thus circumvented the need for expensive and com-
plicated algorithms in most cases, while retaining the possibility of synthesizing
more difficult PSL properties.
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