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Executive Summary

Property verification and synthesis tools work with automata to represent both the
model to examine and the property to check. Subject of this work is to show the
steps necessary for creation of automata for properties given in PSL [2].

Automata construction for the temporal logic LTL is a well known problem [11].
We extend this to automata for the core of PSL, denoted here LTL _WR. The ex-
tensions over LTL take two directions: First, the logic is interpreted over finite,
possibly truncated as well as infinite words. In another direction, the new ba-
sic formulas for weak and strong regular expressions and operators to combine
them with other formulas are added to the language. The regular expressions used
in Sugar extend the usual one by the intersection operator (“length-matching se-
quence conjunction”).

We show that for every LTL_WR formula ¢ there exists a Biichi automaton whose
size is doubly exponential in the size of ¢. We discuss how the suggested con-
structions can be used in the process of model checking PSL properties using the
automata-theoretic approach. We further show an efficient algorithm to derive a
symbolic representation for a subset of the language.

The work presented here is easily extended to the full foundation language of PSL,
which extends LTL_WR by a set of abbreviations.

The technical material presented in this deliverable extends the work presented
in [9]. Other research performed in the course of this deliverable is presented
in [25] and [6].

Purpose

This document describes research of the PROSYD project into efficient construc-
tion algorithms for PSL. It forms the basis on which PSL translation software will
be written. The translation from PSL to automata is a basic technique needed for
most algorithms based on PSL.

Intended Audience

This guide is intended for researchers working with automata-theory related ap-
proaches like model checking and PSL, who intend to implement a translator from
PSL to automata. It is assumed that readers are familiar with the notions and terms
related to PSL and have a basic understanding of automata-theory.

Automata Construction Algorithms
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Background

A construction for a logic extending LTL with suffix conjuction/implication oper-
ators, interpreted over infinite words appears in [16]. A construction for reasoning
over truncated words, via reset operators appears in [3]. The contribution of this
document in respect of automata construction is threefold.

1. We are the first to show a construction for weak regular expressions.

2. We are the first to show a complete construction for the PSL core denoted
LTL_WR synthesizing previous results into a cohesive whole.

3. We show an improved subset algorithm for a class of properties, and show
how it can be used to construct a symbolic representation directly.

Automata Construction Algorithms oV
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Glossary

AFA, Alternating Finite Automaton

We define these automata as a special subclass of alternating Biichi automata (See
Definition 6 (p. 7)).

Alternation

Alternating automata combine the features of existential and universal choice (see
p- 7).

BDD, Binary Decision Diagram

(reduced ordered) Binary decision diagrams (BDDs, for short) are a special data
structure for characteristic descriptions of state sets, which many model-checkers
use for enhanced efficiency. Specific information can be found in [8].

CTL, Computation Tree Logic

Computation tree logic is a temporal logic for property specification in formal
verification.

DAG

Acronym for directed acyclic graph.

EDA

Acronym for electronic design automation.
FILO, First In Last Out

A strategy to process the elements in a queue. The first element stored in the queue
is the last one to be processed.

IEEE, Institute of Electrical and Electronics Engineers

The IEEE is a non-profit, technical professional association of more than 360,000
individual members in approximately 175 countries.

Kleene Closure

The Kleene closure for regular expressions is an unary operator on sets of or single
syntactical elements of a language. S* describes the set of words built by concate-
nating zero or more (finite) elements of S.

Language Emptiness

Language emptiness of an automaton equals to the fact that there is no accepting
run for this automaton.

LTL, Linear Temporal Logic, Linear-Time Temporal Logic

Linear temporal logic is a temporal logic for property specification in formal veri-
fication [23].

LTL_WR

The core logic of PSL, which is an extension of the linear temporal logic LTL.
Refer to section 2 (p. 3) for a detailed specification.
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NBA, Non-deterministic Biichi Automaton

See Definition 5 (p. 6). Note that our definition might differ from other ones, as
we define the automaton for both finite and infinite words.

NFA, Non-deterministic Finite Automaton
We define these automata as a special subset of NBAs (See Definition 5 (p. 6)).
Non-determinism

Non-determinism or existential choice for automata describes the property to chose
one of several possible successors, defining a different run for every possible suc-
cessor (see p. 6).

One-weak
One-weak automata are a special subset of weak automata (See Definition 7 (p. 8)).
Property

A collection of logical and temporal relationships between and among subordinate
Boolean expressions, regular expressions, and other properties that in aggregate
represent a set of behaviors.

PSL

Property specification language. This is the specification language used throughout
and building the basis for the PROSYD project. Refer to the Language Reference
Manual [1] for more details on the language.

Regular Expression
A regular expression is a pattern or expression that describes a set of finite words.
Tableau

In model-checking the automaton built from the negated property is often referred
to as tableau.

Terminal
Terminal automata are a special subset of weak automata (See Definition 7 (p. 8)).
Universalism, Universality

Universalism or universal choice for automata describes the property that all pos-
sible successors have to be chosen simultaneously, splitting a run into several
branches.

Weak, Weakness
The term “weak” is used in this document in two different contexts:
e Weak automata represent a special subclass of automata offering distinctive
features. Refer to Definition 7 (p. 8) for more information.

e Weak operators or regular expressions in PSL (see [13]).

x e Table of Figures Automata Construction Algorithms
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1 Introduction

The language PSL [2] is a temporal logic standardized by the Accellera standards
organization and currently undergoing the process of becoming an IEEE standard.
The core of PSL, denoted here LTL_WR, is an extension of the linear temporal
logic LTL. The extension takes two orthogonal directions. In one direction the
logic is interpreted over finite, possibly truncated, as well as infinite words. Trun-
cated words are words that are finite, but not necessarily maximal. Reasoning
over truncated words (as well as maximal words) is important for incomplete ver-
ification methods such as simulation and bounded model checking, as well as for
supporting abort/reset operators [14]. In another direction, new basic formulas and
operators are added to the language. The new basic formulas are weak and strong
regular expressions [13], and the new operators are suffix conjunction/implication
that combine regular expressions with other formulas. The regular expressions
used in PSL extend the usual regular expressions by the intersection operator
(“length-matching sequence conjunction”).

In this document we provide automata construction for LTL_WR. Nondeterminis-
tic Biichi automata are at the basis of many algorithms based on PSL: they are
needed in verification and synthesis and in the requirements engineering tech-
niques proposed in PROSYD. We show that for every LTL_WR formula ¢ there
exists a Biichi automaton whose size is doubly exponential in the size of ¢. One
exponential blowup is needed to translate LTL to automata, and is sufficient to
translate all of PSL with the exception of intersection in the regular expressions.
The second exponential blowup is needed for the intersection operator.

The construction shown here is the first full construction for the PSL core language.
In particular, it shows how to handle weak regular expressions, which has not been
done before.

Our construction is through weak alternating Biichi automata on finite and infi-
nite words. We show that Miyano and Hayashi’s classical algorithm to convert
alternating to non-deterministic automata can be extended to Biichi automata on
finite and infinite words. Then, we show that for the frequent class of one-weak
alternating automata we can construct a smaller automaton than the one produced
by Miyano and Hayashi’s method. In this case, the non-deterministic automaton
has 7 -2" rather than 22" states (where 7 is the number of states of the alternating
automaton). We also show how, in this case, the alternating automaton can eas-
ily be converted to a symbolic form, without passing through a nondeterministic
automaton and suffering an expensive re-encoding step.

Since the foundation language of PSL consists of the core language and a set of
abbreviations, the approach presented here is therefore easily extended to the full
foundation language.

A construction for a logic extending LTL with suffix conjunction/implication oper-

ators, interpreted over infinite words appears in [16]. A construction for reasoning

Automata Construction Algorithms Introduction e 1
Optimized for PSL



over truncated words, via reset operators appears in [3].

The document is organized as follows. In the following section we provide the
basics of the document regarding notation, automata-theory, subset construction
as well as a definition of LTL_WR . Section three covers the proposed automaton
construction, whose integration into existing workflows is considered in section
four, which also provides a special algorithm for symbolic representation retrieval
for a subset of LTL_WR . Section five concludes research results.

2 e Introduction Automata Construction Algorithms
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2 Basics and Preliminaries

This section covers the definitions used in this document. It starts with an introduc-
tion on notation and the definition of the PSL core logic LTL._WR addressed by this
document. The necessary definitions on automata theory are introduced, including
a classification of Biichi automata into weak, one-weak and terminal automata.

Notation

We denote a letter from a given alphabet ¥ by ¢ and an empty, finite, or infinite
word from X by u, v, or w (possibly with subscripts). The concatenation of u and
v is denoted by uv. If u is infinite, then uv = u. The empty word is denoted by €,
so that we = ew = w. If w = uv we say that u is a prefix of w, denoted u < w, that
v is a suffix of w, and that w is an extension of u, denoted w > u.

We denote the length of word v as |v|. The empty word € has length 0, a finite word
v = (lol1ly--- L) has length n+ 1, and an infinite word has length ®. We use i, j,
and k to denote non-negative integers. For i < |[v| we use V' to denote the (i + 1)
letter of v (since counting of letters starts at zero), and we denote by vi~ the suffix
of v starting at v\. When i < j < |v|, we denote by v/ the finite sequence of letters
starting from v and ending in v/. That is, vi-/ = yiy 1./,

We denote by ¢* the word of length k, each letter of which is ¢, and by ¢© the
infinite-length word, each letter of which is ¢. We use ¥* to denote the set of all
finite words over X, and X® to denote the set of all infinite words over X. We use
¥* to denote the set of all finite and infinite words over X.

An unlabeled tree is a prefix-closed subset of N*. Elements of the tree are referred
to as nodes. For a node t € N* we refer to |¢| as the depth of t. The node ¢ is called
the root. For nodes ¢ and #, such that #; < #, we say that #, is a descendant of t;. If
t, is a descendant of #; and |f,| = |t;|+ 1 we say that ; is a child of t;. A X-labeled
tree Tis a pair (T,t) where T is an unlabeled tree and t : T — X maps nodes of T to
symbols in X.

PSL Core Logic

Below we provide a formal definition of the PSL core logic LTL_WR, an ex-
tension of LTL with weak and strong regular expressions and a suffix conjunc-
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tion/implication operator, interpreted over finite (possibly truncated) as well as
infinite words.

Syntax

The logic LTL_WR is defined over boolean expressions as well as regular expres-
sions. We assume a given set B of boolean expressions defined over a set P of
atomic propositions. Below we define Regular Expressions (REs) using -, U, N
and * for concatenation, union, intersection and Kleene-closure, respectively.

Definition 1 (REs).

— Every boolean expression b € B is an RE.

— Ifr, ry and ry are REs, then the following are REs:

eri-rp eriUr, eriNr er"

Definition 2 (LTL_WR formulas).

— If b is a boolean expression then b! is an LTL_WR formula.

— If @ and y are LTL_WR formulas, and r is an RE, then the following are
LTL_WR formulas:

e oAy  eXlg e[oUY] er{—¢ er

Additional operators are defined as syntactic sugaring of the above operators:

cOVYE (oA y) e [oW Y] E S[yU(-pA-Yy)] e X0 E (X -p)
o 11 & O true or|—>(pd§fﬂ(r<>—>—|(p) obdg—'(—'b)!

We refer to the operators r! and r as strong and weak regular expressions, re-
spectively. We refer to the <>— operator as the suffix conjunction operator, since
r $— @ (read r “suffix-and” @) demands that there exist a non-empty prefix of the
path tightly satisfying r and that the suffix starting at the last letter of the prefix
satisfy @. We refer to its dual, the — operator, as the suffix implication operator,
since r — @ (read r “suffix-implies” @) requires that if there exists a non-empty
prefix of the path tightly satisfying r then the suffix starting at the last letter of the
prefix should satisfy @. The operator <{»— exists in the temporal logic ForSpec [4]
under the names follows_by and seq. The operator — exists in the temporal logic
Sugar [5] under the notation {r}(¢). These operators are essentially the “diamond”
and “box” modalities of PDL [15], respectively.

Semantics

The semantics of LTL_WR is defined with respect to a non-empty set of atomic
propositions P, a set of boolean expressions B over P, which we identify with 22p,
and the set of regular expressions over IB.

4 e Basics and Preliminaries Automata Construction Algorithms
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Although we are interested in the set of words over 2F which satisfy a given
LTL_WR formula, it is convenient to define the semantics of LTL_WR over an
enhanced set of words. Let ¥ denote the alphabet 2F U {T, L }. The semantics of
LTL_WR is defined with respect to words over X. Note, however, that since com-
putations of systems are words over 2F, our interest is still focused on such words.
We refer to words over 2% as natural words. We use # to denote the word obtained
by replacing every T with a L and vice versa. We call w the dual of w. For a set
of words W we use W to denote the set {w | w € W}.

The semantics of LTL_WR is defined inductively with respect to finite/infinite
(possibly empty) words over X, using as the base case the semantics of boolean
expressions over letters in X and of regular expressions over finite words over X.
To denote satisfaction we introduce several operators defined in the following:

e |5, : Boolean Satisfaction

e = _: RE Tight Satisfaction

e = ; Formula Satisfaction
For a boolean expression b € B and a letter ¢ € ¥ we define the boolean satisfaction
relation I, as follows. Let b € B. For ¢ € 2%, we define (I, b < ( € b.

We define T I, b and LI b. Note that in particular we get T I false and
L true.

PSL

Definition 3 (RE Tight Satisfaction). Let v denote a finite (possibly empty) word
over ¥; b denote a boolean expression; and r, ri, and ry denote REs. The notation
v 'Em_r means that v tightly satisfies r. The relation £ _ is defined as follows:

e vE b |v|=1and kb

e VE rnns=,nstv=vinadvy E randv E 1

e vVE nNnUn<s=vE norvE n

y )EPSL rPNrn<v )EPSL r1 and v 'Em 7

e vIE 1" <= either v==¢or vi,vy st. Vi F#E v=V», v E T and

PSL

v2 EPSI_ r*

Definition 4 (Formula Satisfaction). Letr v denote a word over X; b a boolean
expression; r an RE; and © and \y LTL_-WR formulas. The notation v |=, @ means
that v satisfies ¢. The relation |5 is defined as follows:!

-V PSL _‘(p — v }7%51_ (p

2
3‘ v ):PSL(P/\W<Z>V }:PSL(PandV lZPSLW
4. v Xl Q<= |v|>1landv" |5, ¢
5

PSL

Y (U] <= F0 <k < | s.t. Vo |5

PSL PSL

1. viE, b < |v|>0and VI, b
yandVO0< j<k v E, 0

6. v rO—Ye=30< i< v st v E rand v sy

PSL

'The semantics of the LTL operators are the standard ones. The operators of LTL are all the
operators in definition 2 except for {— and r.
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7. v 5, r<Vfiniteu =v, uT® |5 (r O—true)

For an LTL_WR formula ¢, we use [¢] to denote the set {w € X | w |5 ¢}.

Between strong and weak regular expressions there is a significant difference.
Strong operators require that the described sequence is exactly fulfilled, which
means that for a strong regular expression r; and a word v there has to exist a
j < |v| such that v%-/ E, 71 In contrary a weak regular expression r; requires for
accepting an input word v only that it is not contradicting the described sequence,
thus accepts truncated words which can be a prefix for T ® to create a word satisfy-
ing ry: v |5 miff forall j < |v|:v*/T® |= r;. The following examples illustrate
the difference:

(0} *
e a¥ = a'b

® A
o a¥ £ a’b!

Non-deterministic Automata

Non-deterministic automata feature existential branching, which offers the choice
among several possible successor states. This leads to multiple runs for each word,
and a word is accepted if it features at least one accepting run.

Non-deterministic automata may be exponentially smaller than their deterministic
counterparts, and they can be handled directly by the search strategies used in
model checkers. The nondeterministic automaton may also be more intuitive than
a deterministic one.

An automaton on finite words accepts an input word if there is a run for this word,
that ends in a final state. For infinite words, a different acceptance condition is
required, as infinite words have infinite runs. We will use Biichi acceptance con-
dition. A non-deterministic Biichi automaton accepts an infinite input word, if it
features a run that passes accepting states infinitely often. To be able to cope with
both finite and infinite words we use two separate acceptance conditions, one for
finite and one for infinite runs.

Definition 5 (Biichi automaton (NBA)). A non-deterministic Biichi automaton
over finite/infinite words may be described as a tuple B= (%, S,1,p,F,A) where

e Y is a finite nonempty alphabet

e S is a finite nonempty set of states

o [ C Sis a nonempty set of initial states

e p:SxX — 25isa transition function

F C S is a set of final states

A C S is a set of accepting states

6 e Basics and Preliminaries Automata Construction Algorithms
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We often regard p as arelation p C S X X x S. A run ¢ of B on an infinite word w =
Lol ... s an infinite sequence sg, 51, ... where so € I and s;11 € p(s;,¥;) forall i > 0.
A run ¢ of B on a finite word w = ¢, ...Z, is a finite sequence sg,S1,...,Sn+1
where so € I and either w = € or s;4 € p(s;,¢;) for all 0 < i < n. We define by
lim(o) the set {s | s = s; for infinitely many i’s }. An infinite run is accepting if
there is some accepting state that repeats infinitely often, i.e. if lim(G)NA # 0. A
finite run is accepting if the last state is a final state, i.e. if 5, € F.. The word w is
accepted by B if there is an accepting run of B on w. We denote by £ (B) the set of
words w such that there exists an accepting run of B on w. For s € § we use B® to
denote the automaton (X, S, {s},p,F,A).

Non-deterministic finite automata (NFA) represent a special subset of non-deter-
ministic Biichi automata, where the accepting set A is empty, and thus acceptance
is only determined by the set of final states F.

The more traditional definition of a non-deterministic Biichi automaton, where the
automaton is defined only for infinite input words, is a special case of our NBA
where the set of final states F is empty, and thus acceptance is only determined by
the accepting set A.

A reduced NFA is an NFA which does not contain any states which do not feature
paths to final states. These states do not feature accepted behaviors and thus can
be removed from the automaton without changing its language.

Alternating Automata

Alternating automata combine semantic elements of both universalism and non-
determinism by offering both universal and existential branching [10]. Nondeter-
minism, as usual, results in multiple runs. Universalism results in branches of the
run, which thus becomes a tree. In order for a word to be accepted, there has to be
a run for the word such that all branches in the run are accepting.

Definition 6 (Alternating Biichi automaton (ABA)). An alternating Biichi au-
tomaton over finite/infinite words is a tuple B= (X,S,{so},p,F,A) where

e Y is a finite nonempty alphabet

e S is a finite nonempty set of states

o 5" € S is the initial state.

e p:SXX— B7(S) is a transition function where B (S) is the set of boolean
formulas obtained by application of N\ and \ to element in S.

o F C Sis a set of final states

o A C Sis a set of accepting states

2We assume true and false are in 8 (s).
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A run of B on an infinite word w = £y/; ... is a (possibly infinite) S-labeled tree
7= (T,t) such that t(¢) = s° and for every node ¢ € T,  has at most |S| children
and, if || =i and t(¢) = s, then the children of 7 satisfy p(s,¢;) (i.e. if 11,...,% are
t’s children then {t(r1),...,t(#)} satisfies p(s,¢;)). If w is infinite, then a run tree
T is accepting if every branch of infinite depth has infinitely many labels in A. If w
is finite, then a run tree T is accepting if all nodes at depth |w| are labeled by states
in F. The word w is accepted by B if there is an accepting run tree of B on w. We
denote by £ (B) the set of words w such that there exists an accepting run tree of B
on w.

Alternating finite automata (AFA) represent a special subclass of alternating Biichi
automata, where the accepting set A C S is empty, and thus acceptance is only
determined by the set of final states F' C S.

Note also that non-deterministic Biichi automata are a subset of the alternating
automata.

As ameasure of efficiency we use the classification of Biichi automata as suggested
by Muller et al. [22] and adopted by [7]. The classification uses the notion of weak,
one-weak, and terminal Biichi automata.>

Definition 7. [weak, one weak, terminal (see e.g [7])] Let B= (¥,S,1,p,F,A) be
an alternating Biichi automaton on finite and infinite words.

e B is a weak Biichi automaton on finite and infinite words if there exists a
partition of the set of states S into components S; and a partial ordering <
on these sets, such that

1. foreachs; € S;, s; €S, if € Ls.t. sj€p(s;,{) then S; < S;, and

2. foreach S, either S;NA =0, in which case S; is a rejecting component,
or S; C A, in which case S; is an accepting component.

o A weak Biichi automaton is one-weak if the partition can be chosen in such
a way that all rejecting components have size one.

e B is a terminal Biichi automaton on finite and infinite words if it is a weak
Biichi automaton such that the components of the partition contained in A
are minimal elements of the partial order. Furthermore for every state s € A
and every letter 6 € ¥ we have that p(s,o) # false.

For weak automata the state space is partitioned into disjoint components. These
components underly a partial order such that there is no edge from a state in com-
ponent A to a state in component B if A < B. The acceptance conditions are based
on these subsets, such that in every subset either all states are accepting or none
are. Because the state space is finite, every branch of a run of the automaton gets
trapped in one of the partitioned subsets at some point, and acceptance is decided
according to this subset’s classification. One-weak automata are a special subclass
of weak automata in which the rejecting components are of size one. Weak alter-
nating automata are as expressive as alternating Biichi automata define, but non-
deterministic weak automata are less expressive. Terminal automata are automata

3Note that the term weak used for a Biichi automaton has nothing to do with the term weak used
for REs. We apologize for the potential confusion.
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in which the accepting states are universally accepting. They actually define the
finitary languages described by co-safety properties.

Note that our definition of one-weak is weaker than the usual definition. (The usual
definition requires that accepting components also have size one.) The current
definition allows us to apply Proposition 4.3 to a larger class of automata.

In the non-deterministic case, weak and terminal automata are easier to check than
general automata.

Claim 2.1 (see e.g [7]). Let B= (%,S,1,p,F,A) be a non-deterministic Biichi au-
tomaton on finite and infinite words.

o The language of a weak Biichi automaton on finite and infinite words is empty

iff AG AF -A
o The language of a terminal Biichi automaton on finite and infinite words is
empty iff AG-A
Automata Construction Algorithms Basics and Preliminaries e 9
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3 Constructions and Proofs

In this section we show how to construct efficient automata for LTL_WR. The
construction to translate the PSL core works for both finite and infinite words.

First, we consider automata for linear temporal logic interpreted over finite and
infinite words, and then we generalize the approach to an efficient algorithm sup-
porting LTL_WR. Finally, we prove that the derived automata are weak.

Automata construction: LTL over finite and infinite words

Since we are interested in finite as well as infinite words, we check first that the
well-known singly-exponential complexity for constructing a Biichi automaton for
the w-language of an LTL formula still applies when the automaton runs on both
finite and infinite words.

We follow the construction of an alternating Biichi automaton for an LTL formula
¢ as given in [28, Theorem 22]. Our construction differs from that of [28] in
several ways.

1. Our automaton is designed to run on both finite and infinite words, while that
of [28] is only for infinite words. Some care is needed to handle the nexttime
operators on finite words since the semantics looks ahead in order to know
whether the condition |w| > 1 is satisfied. Our construction uses a simple
subautomaton to distinguish nonempty from empty words.

2. The construction of [28] introduces an automaton state for each subformula
and its negation and relies on a dualization operator in the definition of the
transition relation. We achieve a similar effect by including only subfor-
mulas and using a negation parity bit in the state. The negation parity of
a subformula indicates the number of enclosing negations, modulo 2. Our
construction gives the dual forms of the transition relation explicitly rather
than relying on the dualizing operator.

3. Our construction works over the extended alphabet © = 2¥ U {T, L}. This
is accomplished simply by using the dual  of the input letter £ when testing
boolean satisfaction for the transition relation on a boolean subformula with
negation parity 1.

Proposition 3.1. Given an LTL formula @, one can build an alternating Biichi
automaton By = (X,8,1,p,F,A) where |S| is in O(|Q|) and L (By) is exactly the set
of (finite and infinite) words satisfying the formula @.

Automata Construction Algorithms Constructions and Proofs e 11
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Proof. Let ¢ be an LTL formula. Let S be the set of pairs (p, ) where either y is
a subformula of ¢ or y € {TRUE, FALSE, NONEMPTY }, and p € {0, 1} denotes the
negation parity, with p = 1 indicating an odd number of enclosing negations. The
initial state is (0, Q).

The set A of accepting states is produced by the following rules:
1. A contains all states of the form:
(1,NONEMPTY), (0, TRUE), (1,FALSE) (1,b!), (1,Xly), (1, [wUDd)).
(Pv_“l’) €A lff(l _p7W) €A.
3. (0,yAD) € Aiff both (0,y) € A and (0,9) € A.
(I, yAD) € Aiff either (1,y) €A or (1,0) € A.
The set F' of final states is equal to A.

The transition relation p is defined as follows:

e p((p,NONEMPTY),/) = (p, TRUE)

p,TRUE), /) = (p, TRUE)
p,FALSE), () = (p,FALSE)

b!),0) =(0,L 1k, D)
1,6!),0) = (1,0, b)

(
(
(
(0,
(
0,y AD),£) =p((0,w),£) Ap((0,9),£)
(LwA9),0) =p((1,w),0) Vp((1,9),£)
(0,~y),£) =p((1,¥),£)
(1,=w),£) = p((0,¥),£)
©
(1
©
(1

,Xy),¢) = (0,NONEMPTY ) A (0, y)
,Xly),£) = (1,NONEMPTY) V (1, V)

1,

,[WUD]),£) = p((0,9), ) v (p((0,9), £

(
(
(
(
(
(
(
(
(
(
(
(
((1, [wUd]),£) = p((1,9),£) A (p((1, ), £

p
p
p
p
p
p
p
p
p
p
p
p

< >
-
<<
cc
)

Lemma 3.2. If y is a subformula of ¢, let APY) denote the subautomaton
of this construction obtained by taking (p,V) as initial state.

£(AO%) = ],
2. L(AMW) =1~ [y] = [~y].
Proof. By induction over the subformulas of ¢. Note that for any L C X%,

- L=%"-1

Note also that for any v,

27—l = [-v]
Let v,w denote elements of 7.

_ L(A(O.NONEMPTY)) — {v: M > 0}.
L(A(I,NONEMPTY)) _ {8}
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_ L(A(O’b!))
= [(0,b!) is not accepting]
{tw: Lk, b}
= [b!]
7 (A(Lb!))
= [(1,b!) is accepting]
{efuf{tw: L, b}
== —[b']
- [vl
== —[v]
= [induction]
L(A(w))
= L(A(Oﬁ\v))
£ (ALY
= L(A(O,w))
= [induction]
[vl
= = —[vy]
= [ynd]
= [vln[o]
= [induction]
£ (AW £ (AOD)
= L(A(O,\lmﬁ))
r A(l,\p/\ﬁ))
= £(ALY)YUL(AD)
= [induction]
(==~ D) u (-]
27 = (vl N [o])
= "~ ([yA9])
-7 A(o,xm/))
= [(0,XNy) is not accepting; £ (A(GNONEMPTY)y _ 1,15 > 017
{tw:|w| >0and w € £ (AOW)}
= [induction]
{fw:|w|>0and w € [y]}
= {v:p|>1landv!" & v}
= [Xhy]
£ (AU0XY))
= [(1,XNy) is accepting; £ (A
{v:p|<lorvler(Ahw))
= [induction]
{viv| < tlorv' e [-y]}
= {v:p[<Tlorv! v}
=X—{v:|y|>1land v £ vy}

LNONEMPTY)) — {E}]

Automata Construction Algorithms Constructions and Proofs e 13
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= % —[Xiy]

- Letve £ (AN Suppose v ¢ £ (A0P)). Then v € £(A®Y)) and,
since (0, [wU®]) is not accepting, [v| > 0 and v'~ € £ (AOMVU)), Thus,
= L(A(O,[wuﬁ]))

— ve£(A")or(ve £(AOY) and |v| >0 and v'- € £ (AU
<= [induction]
Vs, dor (v 5, wand [v] > 0and v € £(ACNWU))
If there does not exist 0 < k < |v| such that vF |=_ 9, then, since
(0,[wU®]) is not accepting, there is no accepting run of AU on

v. Therefore,
VEL (A(Ov[\VUﬁ]))

<= there exists 0 < k < |v| such that v& |=_ © and for all 0 < j < k,

V-/ ):PSL\ll
v [yU¥]

PSL

= L(A(L[‘VUN))
— ver(A)and (ve £(AW) orv e £ (ALNWUD)Y)
<= [induction]
v, ~%and (v 5, ~yorve £ (ALY
Since (1, [wUdV]) is accepting, there need not exist 0 < k < |v| such
that V& € [-y]. Thus,
v e £ (ALWUd)

= v, OW(EyA-D)

<= [duality of U, W over X]
v 5y [yUo]

[ PSL

This completes the proof of the proposition.

0

Corollary 3.3. Given an LTL formula @, one can build a Biichi automaton By =
(Z,8,1,p,F,A) where |S| is in 2009 and £ (By) is exactly the set of (finite and
infinite) words satisfying the formula ©.

Proof. Follows directly from Propositions 3.1 and 4.4. By Proposition 3.1 one
can build an alternating automaton from a given LTL formula ¢. Proposition 4.4,
which is given and proved independently on page 38, shows that there is a subse-
quent translation into a Biichi automaton. O

Automata Construction for LTL_WR

In this section we extend the construction of automata for LTL (over finite as well
as infinite words) given in the previous section to all of LTL_WR. Recall from
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Definition 2 that the LTL_WR formulas are generated from the LTL formulas by
adding the basic form r, where r is a regular expression, and the inductive form
r {— @, where r is a regular expression and ¢ is an LTL_WR formula. Thus, the
construction of Proposition 3.1 needs to be extended to handle each of these forms
under both negation parities.

First we construct a non-deterministic finite automata on finite words (NFA) that
recognizes tight satisfaction ( [£_ ) and a Biichi automata that recognizes weak RE
satisfaction. Then we provide the overall construction for LTL_WR.

Proposition 3.4. Let r be an RE. There exists a reduced NFA N, such that
wE rewerL(,)
and N, has O(|r|) states if r contains no intersection operator and 2°") otherwise.

Proof. We inductively define an NFA N, for r as follows:

e Base: For a Boolean expression b we construct the automaton N = (X, {0, 1},
{0}, pp,{1}) such that for / € £ we have p(0,/) = {1} iff [ = .

e Induction: assume that for the regular expressions r; and r, we constructed
the NFAs N1 = (Z,S] ,I],D],F]) and N, = (Z,Sz,lg, pz,Fz) respectively.

— The NFA N. for r; -, is N. = (Z,S] USy,Ii,p1 Upo U {(S],l,SQ)’S] S
FiAsy €palg,l) forge€ L}, F). Where F = B> if LNF; =0and F{UF,
otherwise.

— The NFA N, for riUry is N, = (Z,Sl USQU{S()}, {So},pl UPQU{(S(),Z,S1 )‘
s1 € pi(g,1) for g € YU {(s0,1,52)|s2 € pa(g,1) for g € L}, F). Where
F=FRURifLNFK=0and;NF, =0and F; UF> U {so} otherwise.

— The NFA N, for rjNr, is obtained by building the AFA A, = (£,S5; U
S2U{so}:{s0},p1Up2U{(s0, ;51 As2)ls1 € pi(g;1) for g € 11,57 € pa(q, 1)

for g € L}, F), and remove universal edges by using subset construc-
tion afterwards (as described in Section 4 on page 33). Edges which
can not lead to accepting states and non accepting states are removed.
The accepting set is defined as F=FURIfLhNFKH=0or;NF, =0
and Fy UF, U {so} otherwise.

Note that the subset construction induces an exponential blowup. Re-
moval of edges which can not lead to accepting states is done in linear
time (reachability). All other operators take place in linear space.

— The NFA N, for r{ is N, = (X,851U{so}, {s0},p1 U{(s0,L,51)|s1 € p1(q,])
andq EI]}U{(S],Z,S())‘pl(S],l)mFl 7&0}7}71 U{SO})'

Let w be a finite word. We show that

weL(N,) iff wEg_r

PSL

by induction on the structure of r.

e Base: Let » = b. Note that 0 is not accepting and that there are no outgoing
transitions from 1, thus if N}, accepts v, then |v| = 1. Then, N, accepts a word
viff [y =1and 1 € p(0,0) iff [v| = 1 andV* (= biff v E_ b.

Automata Construction Algorithms Constructions and Proofs e 15
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e Induction: Assume that for REs r; and r, we proved that w € L(N;) &
wE rnadwe L(Ny)ewE 1.

PSL
— For r; - r, we distinguish between two cases:

1. The case where € = _ r». In this case, N. for ry - ry is N. = (Z,81 U
S, 01,p1 Upa U {(S],l,Sz)’S] eFiNs € pz(q,l) for g € [2},F1 U
F>). Then, N. accepts a word w iff
it has a running trace sg,si,...sx (k = |w|) over w such that s; €
FiUF, iff
either Ny accepts w or there exists j < ksuch thats; € Fiand s; | €
p2(g,w’) for g € L iff
either N| accepts w or there exists j < k such that Ny accepts w%+/
and N, accepts w/t1-K iff
(induction) either w = ry or there exists j < k such that wO-J =
and w/ TRy iff
wE .

2. The case where € £ _ r>. In this case, N. for ry - ry is N. = (Z,81 U
S2,11,p1 Upa U {(S],l,Sz)‘S] ceFiNsy € pz(q,l) forg € [2},F2).
Then, N. accepts a word w iff
it has a running trace so, s1,...5x (k= |w|) over w such that s; € F,
iff
there exists j < k such that s; € Fy and 541 € pa(g,w/) forg € I,
iff
there exists j < k such that Ny accepts w’+/ and N, accepts w/*!-*
iff (induction)
there exists j < k such that w*/ £ _ rj and w/ ™% £y iff
w 'EPSL ry-nm.

— For riUr, we have that the NFA N, for riUr; is N, = (£,S;US, U
{50}, {s0},P1UP2U{(s0,0,51) s1 € pi(g,1) for g € I} U{(s0,1,52) 52 €
p2(g,l) forqg € L}, F). Where F = FfUFRU{so} if LNF, #0or I} N
Fi # 0 and F = F; UF, otherwise.

Ny accepts € iff

so € F iff

LNFi#0or LhNF, 75 0 iff

Np accepts € or N, accepts € iff (induction) € 'EPSL r1 or € 'EPSL ry iff

€ 'EPSL run.
Let w be a non empty word. N, accepts w iff
Ny has a running trace that s, sy, .. .,s; (for k = |w|) such that sy is the

initial state and s, € F; U P, iff
either s; € p(g,w°) for g € I; and s1,s7,...,s; is a running trace of N
ors; € p(q,wo) for g € I, and s1,s7,...,8; is a running trace of N, iff
N accepts w or N, accepts w iff (induction)
wEg norw g niffw g rur.

— For r;Nr, we have that the N, is equivalent to the AFA A, = (£,5;US,U
{so},{s0},p1Up2U{(s0,/ {s1,82}[s1 € p1(g;1) for g € 11,52 € pa(q,1)
forqg € L,F). Where F =FUFE if LbNF,=0o0r [ NF, =0 and
FiUF,U{so} otherwise.
A, accepts € iff
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so € Fiff
LNF 75 0 and LN F, # 0 iff
N accepts € and N, accepts € iff (induction) € E_ rj and € |E_ 1y iff

€ 'EPSL rinNry.

Let w be a non empty word. A, accepts w iff

An has arun with two branches of the form s, s1,1,...,51x with sy, € Fy
and 59,521, ...,52% With 52 € F. (for s is the initial state and k = |w|)
iff

(81,1,82.1) € p(s0,w") and S1.1,812,---,51k is a running trace of Ny and
and s2.1,522,...,52k 1S a running trace of N iff

N accepts w and N, accepts w iff (induction)

wiEg rnandwE niffw g rnnr.

Removal of edges to non accepting states does not change the language
of an NFA because a missing edge for a input rejects the words as well
as a path to a non accepting state.

— For r} we have that the NFA N, for r} is N, = (X, U {so},{so},p1 U
{(s0,1,s1)|s1 € p1(g,1) and g € I[; } U{(s1,1,50)|p1(s1,])NF} # 0}, F; U
{s0})-

First note that sy € Fi, thus N, accepts €. This comply with € £ _ r7.
Let w be a non empty word. First direction, assume that N, accepts w.
Let sg,s1,...5; be an accepting run trace of N, on w. Let jg, ji,... be
the sequence of all indices such that s ;, = so. Then for every j; in the set
we have that s,+1 € p1(g,w’') for g € I; and that p € p;(sj—1,w/ 1) for
p € Fy. Thus, for every j; excepts for the last, we have that g,s,1,...
...Sj,,—1,p is accepting run of Ny on w/iJi+1=1 and that for the last
Ji» we have that g,s;,11,...5¢41 18 accepting run of Ny on wli-k This
implies that (induction) for every j; excepts for the last, we have that
w/i-iisi= = 71, and that for the last j;, we have that wii-k e, rl
Thus w £ r7.

Second direction: Note that for every accepting run ¢, sy, ...,Sx1,p of
Ni on anon empty word w, there exists an accepting run sg, Sy, . .. Sx—1,50
of N, on w. Assume that w 'EPSL ri. Then, there are wo,wy,...,wi such
that wo-wy -...-wi =wand forevery 0 < j <k wehave w; [E_ ri. Thus
(induction), for every 0 < j < k we have that N accepts w;. Then, for
every 0 < j < k we have N, has a running trace on w; that starts and
ends at so. This implies that NV, accepts w.

O

Proposition 3.5. Let r be an RE. There exists a Biichi automaton B, with O(|r|)
states if r contains no intersection operator and 200" states otherwise such that
B, has a trapping non-accepting state qpqq and for every word w over X,

1. there exists an accepting run of B, on w iff w = r

2. every run of B, on w reaches qpaq iff w r

PSL

Proof. We build the Biichi automaton from the NFA for r constructed in Propo-
sition 3.4. Before we provide the actual construction, we prove the following
Lemma.
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Lemma 3.6. Let r be an RE and let N, be the automaton constructed for r in
Proposition 3.4. Then, for every s € S there exists k > 0 and a running trace
S,81,-..5k of N, on T* such that sy € F.

Proof. By induction.
— Base: r =b. The state 1 isin F, and (0, T,1) € p.

— Induction: Assume that the NFAs N and N, for r; and r,, respectively,
satisfy the lemma.

* r=ry-ry. If s €9,, then by induction there exists k > 0 and a
running trace s to F, on Tk, Otherwise, s € S;. By induction, there
is a running trace on T/ from s to F;. From the transition relation,
there exists j > 0 and a running trace on T/ from s to a state in S5.
By induction, there exists kK > 0 and a running trace on T* from
that state of S, to F5.

* r=rUr. If s €S;, then by induction there exists k > 0 and a
running trace on TX from s to F;. Otherwise, s = s¢, and there is a
transition on T from sg to each of S1 and S».

* r=r;MNry. Because of the explicit removal of edges and states
from which we can not reach accepting states, this step is obvious.

* r=r]. If s € Sy, then by induction there exists k > 0 and a run-
ning trace on Tk from s to Fj. Otherwise, s = so, which is itself
accepting.

0

Let N, = (X,S,1,p,F) be the NFA for RE r, constructed as in Proposition 3.4. Let
B, = (Z7SU {Qbad},l, p/,S,S) where

I pU{(s,Z,s) ‘ EEZ, SEF}U{(qbad7£7qbad) ’eez}u
{(5,0,qpaa) | CEL, s¢ FandVs' € S: (s,4,5') ¢ p}

Observation 3.7. Let w be a word over ¥. If there exists a running trace of
B, on w that contains a state in F, then B, accepts w.

Lemma 3.8. A (finite or infinite) word w is accepted by B, iff for every finite
v 2w there exists a prefix u < v- T, suchthatu |g,_ r.

Proof. First direction: Let w be a word that is accepted by B,. We prove that
for every finite v < w there exists a prefix u < v-T® such that u 'EPSL r. Let
50,51, - .. be an accepting running trace of B, on w. We distinguish between
two cases:

1. The trace sg,s;,... contains a state in F (in N,). In this case let k be
the minimal number such that s; € F'. The definition of p implies that
50,51, - .- ,5k is a trace in N,, thus w®*~1 € £ (N,). Proposition 3.4 im-
plies that w0~ E, - Letv < w be a prefix of w. We distinguish
between two cases:
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— IfwOk1 <y, then wO*=1 <v. T®and w1

psL  °
0..k—1

- v<w . Let j = |v|, then s9,51,...,s; is a trace of N, over v.

Lemma 3.6 implies that there exists a trace s;,5;41,...5; of N, on
T~/ such that s; € F, thus, v- T/ € L(N;). Thenv-T"/ E_r
andv- TV <y TO,
2. The trace sg,s1, ... does not contain a state in ' (in V,). Then the defini-
tion of p implies that sg, s, ... is a trace in N,. Let v < w be a finite prefix
of w of length k. Then, sq,s;,...5+1 is a run of N, on v. Lemma 3.6
implies that there exists a trace sg,Si+1,...5; of N, on Ti=* such that
s; € F,thus,v-T" "% € £(N,). Thenv- Tk E, randv: Tik<y. TO,

Second direction: Let w be a word that is not accepted by B,. We prove
that there exists a finite v < w such that for every prefix u <v-T®, we have
that u %Sl_ r. Since w is not accepted by B,, and since gp,y is the only non
accepting and non final state, there exists a prefix v =< w such that all running
trace of B, on v are trapped in gp.q. In addition, by Observation 3.7 above
there is no running trace of B, on u = v that contains a state in . The
definition of p implies that there is no running trace of N, on v, and that there
is no running trace of N, on u < v that contains a state in F'. Since there
is no running trace of N, on v, for every v < u < v-T® we have that u is
not accepted by N, and thus u £ _ r. Since there is no running trace of N,
on u = v that contains a state in F, we have that for every u < v, u is not
accepted by N, and thus u (£ r. O

Lemma 3.8 shows that w |= r iff there exists an accepting run of B, on w. That is,
w r iff every run of B, on w is not accepting.

PSL

Assume w is infinite. Then w r

PSL

iff every run of B, on w does not visit S infinitely often
iff [since S, \ S = {¢paq }] every run of B, on w Visits gp.g infinitely often

iff [since gpqq is trapping] every run of B, on w Visits gpaq.

Assume w is finite. Then w r

PSL
iff every run of B, on w does not terminate in a state in S

iff [since S, \ S = {¢paq }] every run of B, on w terminates in S

Thus w ,, riff every run of B, on w reaches state gpqq. This completes the proof
of Proposition 3.5. O

Below we extend the construction of the alternating automaton given in the pre-
vious section for LTL (over finite as well as infinite words) to LTL_WR. The idea
is that for RE-based formulas » {—y and r the automaton mimics the automaton
for r. Recall that r {—  states that there exists a prefix tightly satisfying r and
the suffix beginning at the end of this prefix satisfies y, while r — @ states that for
each prefix tightly satisfying r, the suffix beginning at the end of the prefix satisfies
¢. Thus, for “r {— @” states when the parity bit is O the automaton mimics a move
to some next state in the NFA of r (so as to require one match for ) and when the
parity bit is 1 the automaton mimics moves to all next states in the NFA of r (in

Automata Construction Algorithms Constructions and Proofs e 19
Optimized for PSL



order to traverse all matches for r). Then, when the automaton reaches a final state
in N, it continues to state ‘“y” in order to require satisfaction of y. For a weak RE r
the automaton mimics the Biichi automaton B, of Proposition 3.5. When the parity
bit is 0, the automaton traverses all states, to check that all prefixes are “potentially
accepting” (i.e., have an extension with T's that is accepting). When the parity bit
is 1, the automaton traverses some state to check for some bad prefix.

To make this idea work we need to consider a new type of formula involving au-
tomata. For these we introduce the following logic.

Definition 8 (LTL_WRA formulas).

— Ifbis a boolean expression then b! is an LTL_WRA formula.

— If @ and y are LTL_WRA formulas, then the following are LTL_WRA formu-
las:

°9 oAy e X elpUy]
— If @ is an LTL_-WRA formula N = (¥,S,1,p,F) is an NFA such that I is a
singleton, then (N,®) is an LTL_WRA formula.

— If B=(%,S,1,p,F,A) is a Biichi automaton such that I is a singleton then
(B) is an LTL_-WRA formula.

The semantics of LTL_WRA formulas is defined as follows:

Definition 9. Let v denote a word over ¥; b a boolean expression; r an RE; and
¢ and y LTL_-WRA formulas. The notation v |=

= © means that v satisfies ¢. The
relation |=,, is defined as follows:*

v, b= |v|>0and 'k, b

-V AUT_|(p<:>v|7/é\UT(p

1

2

3 VE. AV =V IR, andy 5, ¥
4 vE.Xlo< || > land v 5 ¢
b)
6.
7.

AUT

Y [UY] <= F0 <k < |v] s.t. V& =

AUT AUT

wandVO S]< k; Vj ):AUT(p
v (N W) = B0 < < ] st W0 € L(N) and v b, W

AUT

. v, (B)<=veL(B)

Proposition 3.9. Let ¢ be a formula of LTL_WR. Let ® be the formula of LTL_WRA
obtained from ¢ by replacing sub-formulas of the form r $— with (N, ) where
N, = (%,8,,1,,p,,F) is the NFA from Proposition 3.4; and formulas of the form r
with (B,) where B, = (X,S,U{qpad },1,P.,Sr,Sy) is the Biichi automaton defined
in Proposition 3.5 and qpaq is the trapping non-accepting state. Then

[o] = [®]

Proof. The proof is by induction on the structure of the formula. The cases for
booleans and the LTL operators are immediate since the semantics for those are
the same.

4The semantics of the LTL operators are the standard ones.
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oV PSLrOﬁ\V

= J0< i< stV E randv 5y
<= [by Proposition 3.4]

JO< j< v st vOi € L(N,) and v+ |5 W

=V AUT <Nr’\|!>

LY r

PSL

<= [by Proposition 3.5]

ve L(By)

Vv AUT <B">

O

Proposition 3.9 allows to use the construction of a Biichi automaton for an LTL_WRA
formula & to obtain a construction for an LTL_WR formula ¢ for which [[¢] = [®].

Proposition 3.10. Given an LTL_WRA formula @, there exists an alternating Biichi
automaton By = (X,8,1,p,F,A) where |S| is in O(|Q|) and L (By) is exactly the set
of (finite and infinite) words satisfying the formula Q.

Proof. Let ¢ be a formula of LTL_-WRA. Let S be the set of pairs (p,y) where
p € {0,1} and v satisfies at least one of the following:

y is a subformula of @.
y € {TRUE, FALSE,NONEMPTY }.

y is of the form (N?,9), where (N,¥) is a subformula of @ and g is a state
of the NFA N.

v is of the form (B?), where (B) is a subformula of @ and g is a state of the
Biichi automaton B.

Note that if ¢ is the initial state of N, then N9 = N, and similarly with B.

The initial state is (0, ).

The set A of accepting states is produced by the following rules:

1. A contains all states of the form: (1,NONEMPTY), (0, TRUE), (1,FALSE)

2.
3

(1,b1), (1,Xhy), (1,[wUd]), (1,{N%,w)), (0,(B%)), (1,(Biad)).
In (0,(B?)) it is understood that ¢ is not the trapping state of B, while in
(1,(B%ad)) it is understood that gp, is the trapping state of B.

p,—y) €A ff (1— p,y) €A.

(
. (0,yA9) € Aiff both (0,y) € A and (0,9) € A.
(

1,y A ) € Aiff either (1,y) €A or (1,0) € A.

The set F of final states is equal to A.

The transition relation p is defined as follows, where NY = (X, S, {q},pn, Fy) and
B1 = (EasB U Gbad, {Q}a PB,SB):

p((p,NONEMPTY),¢) = (p, TRUE)
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e p((p,TRUE),{) = (p, TRUE)
p((p,FALSE), ) = (p,FALSE)

* P00 =0 k,D)
p((1,61),6) = (1,L 1, b)

e p((0,yND),0) = p(( v),£) Ap((0,9),0)
p((LyAB), L) =p((L,y),£) Vp((1,9),£)

e p((0,~y),£) = p((1,¥),)
p((1, =), £) = p((0,¥),£)

e p((0,Xy),¢) = (0,NONEMPTY) A (0, )
p((1,Xy),£) = (1,NONEMPTY) V (1, )

e p((0,[wUd]),£) = p((0,9),€) vV (p((0,y),£) A (0, [wUB]))
p((1, [wUd)), £) = p((1,9),£) A (p((1,w),6) V (1, [yUB]))

P

e If py(g,¢) N Fy is non-empty, then

p(((), <Nq7‘v>)7£) = \/ (07 <Nq,aW>)VP((0aW)7£)

q/EPN(%@
Otherwise
p((oa <Nq’\|f>)a£) = \/ (03 <Nq/’\|l>)
q’epN(q,Z)

If pn(q,#) N Fy is non-empty, then
(LN, 0 = A\ (LN ) Ap((1,¥),£)

q'€pn(g.l)
Otherwise
p((17<Nq7‘V>)7€): /\ (17<Nq/7w>)
q'cpn(g.0)
i p((07 <Bq>)7£) = \/ (07 <Bq/>)
q'€pp(q,0)
p((L,(BN),0)= A (1,(B7))
q'€ps(q,0)

Lemma 3.11. Let ¢ be an LTL_WRA formula. If y is a subformula of o,
let AWPY) denote the subautomaton of this construction obtained by taking
(p, V) as initial state. Then

L(A(O,q’)) = [o].
2. £(A09) =1~ —[o] = [-0].
Proof. The proof is by induction on the structure of the formula. The cases
for booleans and the LTL operators are the same as in the proof of Lemma 3.2.

— We show that £ (AONV"¥)) = [(N9,y)] and £ (AN D)) = [~(N9,y)]
o We show that v € [(N?,y)] iff v € £ (ACN"WD)),

Suppose that v € [(N9,y)]. Then 30 < j < |v| s.t. v/ € £ (N9)
and v/~ € [y]. Since v/ € £ (N¥), there exists an accepting run

q,490,---,4; € FN
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of N7 on v*/. By induction, £(A®¥)) = [[y], so there exists an
accepting run tree ¢ of A(*¥) on /-
From the transition relation,

(N W), (N ), s (N )

is a run of A(C:W'¥) on10-/=1 . Also, since ¢; € Fy, it follows from
the transition relation that each of the successors of the root of the
run tree ¢ on letter v/ is also a successor of (N%-1 ) on the letter
v/. Let ¢’ be obtained from ¢ by replacing the root with (N1 ) .
Since ¢,¢' differ only on the root node and since v/~ is non-empty, it
follows that #' is an accepting run tree of A®®N"""¥)) on v~ This
shows that v € £ (A(O:IN¥))),

Suppose now that v € £ (A(%N".¥))) Then there exists an accepting
run tree £ of ANV¥) on v. Since (0, (N?,v)) is not accepting, v
is non-empty. From the transition relation, ¢ has a branch labeled

(0,(N9,y)), (0, (N ), ...

Since none of the states (0, (N9°,y)) is accepting, there must exist
0 < j < |v| such that

(0, (N ), (0, (N, ). (0, (NU1, 7))

labels a branch ¢,1,...1;_1 of ¢, and ¢,qo,...,q;—1 is a run of N4
onv?/~1 and pn(gj-1, v/ )N Fy # 0, and the set of children of ti—1
is labeled by the set p((0,y),v/). Then ¢,qo,...,q; is a run of N4
on v/, and so v/ € L (NY9). Lett' =t; .

Since 7 is accepting, ¢’ must be an accepting run of AV Y1) on
v/, Let ¢” be the tree obtained from ¢’ by switching the root to
(0, ). From the transition relation, ¢” is a run tree of A(®¥) on v/~
Since v/~ is non-empty, it follows that ¢ is accepting. Therefore,
vi- € £ (AO¥)), By induction, v/ € [y]. Thus, v € [(N9,y)].

e We show that v € [~(N?,y)] iff v € L(A(17<Nq*“’>>).

v € [~(N9, )] iff v & [(N9,y)] iff VO < j < |v| s.t. 907 € £ (N9),
#/- ¢ [] iff [induction]
(x): YO<j<|v|st v/ € L(N9),
vl e L(A(h‘l’))

Suppose that (%) holds. We construct an accepting run tree ¢ of
AN o0 v, Let g be a run tree of AN ¥) on v, Let #y be the
rooted subtree of 7y consisting of all states of the form (1, (N9, y))
(that is, trim every branch of 7 at the first node which is not of the
form (1, (N ,y))). Since the states of this form are all accepting,
every branch of this subtree is accepting. Consider a node n =
(1,(N? ,y)) of ty such that n has a nonempty set M,, of successors
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in g — ty. From the transition relation, it follows that there exists
0<j<|v|and arun g,qo,...,qj—1 = ¢’ of N4 on 7/~
exists q; € pn(q', %) N Fy. Then g, qo,---,q; is an accepting run
of N7 on 7/, s0 by (%), v/ € £(AUW). Let 1, be an accepting
run tree of A1) on v/, Replace M, in f by the set of successors
of the root of #,. As a result, any branch of 7y passing through a
successor of n in fg —ty is now converted to an accepting branch.
The procedure is repeated for all such nodes n to yield the accepting

and there

run tree z.

Suppose that v € £ (A-N'¥)) Let r be an accepting run tree of
ALNGY)) on v, Let 1y be the rooted subtree of ¢ consisting of all
states of the form (1, (N4 ,y)) (that is, trim every branch of ¢ at
the first node which is not of the form (1, (N9 ,y))). Suppose that
there exists 0 < j < |v| s.t. 9%/ € £(NY). Let q,qo,...,q; be an

accepting run of N on 7"/, From the transition relation,

(17<Nq7‘v>)7(1ﬂ<Nqovw>)7"'7(17<quilvw>)

is a prefix of a branch of 7y, and the successors of (1, (N%~!,y)) in

t — ty are successors of (1,y) on v/.

Let ' be the tree obtained from the subtree of 7 rooted at (1, (N%-1,y))
by eliminating the successors of (1, (N%-! y)) that are in 7y and re-
placing the root by (1, ). It follows that ¢’ is an accepting run tree
of AUY) on v/, and so v/~ € £ (A(1¥)). This proves that (x) holds.

— We show that £ (A®{8))) = [(B9)] and £ (AU-{E")) = [-(B?)].
Let w be a finite/infinite word.
Recall that ¢’ is an accepting state of (B7)

iff ¢’ # gpaa. Also, (0,(B?)) is an accepting state of A(0:(5")

iff ¢ # Goaa-
Thus, by the construction,

w e £ (A0BD)

iff there exists a run of B? on w that does not Vvisit ¢puq

iff we L(BY)

iff we [(BY)]

Similarly, (1,(B?)) is an accepting state of A" iff ¢/ = g4,4. Thus,

w e £(AUBD)

iff every run of B? on w reaches ¢pqq

iff w¢ £(BY)

i 7 ¢ [(B9)]

iff we [-(B7)]

O
This completes the proof of the Proposition. O
24 e Constructions and Proofs Automata Construction Algorithms

Optimized for PSL



Corollary 3.12. Given an LTL_-WRA formula @, there exists a Biichi automaton
By = (%,S,1, p,F,A) where |S| is in 22" and L (By) is exactly the set of (finite
and infinite) words satisfying the formula Q.

Proof. Follows directly from Propositions 3.10 and 4.4. By Proposition 3.10 one
can build an alternating automaton from a given LTL_WRA formula ¢. Proposi-
tion 4.4, which is given and proved independently on page 38, shows that there is
a subsequent translation into a Biichi automaton. U

Corollary 3.13. Given an LTL_-WR formula @, there exists a Biichi automaton
By = (X,8,1, p,F,A) where |S| is in 22°" and L(Bg) is exactly the set of (finite
and infinite) words satisfying the formula .

Proof. Follows directly from Corollary 3.12 and Proposition 3.9. O

Definition 10. We say that a language is oo-regular iff it is a union of a regular
language and an ®-regular language.

Proposition 3.14. LTL_WR is as expressive as oo-regular languages.

Proof. Clearly a language accepted by a Biichi automaton on finite/infinite words
is an co-regular language. Thus, Corollary 3.13 implies that LTL_WR formulas
are not more expressive than co-regular expressions (since for every formula @
in LTL_WR there exists a Biichi automaton B¢ on finite/infinite words such that

[o]l = £ (By)).

A proof that any m-regular language, can be expressed as an LTL _WR formula
appears in [4], where the suffix implication operator ( — ) is denoted triggers,
and the suffix conjunction operator ( {>—) is denoted follows by. Note, that the
language of an LTL_WR formula interpreted over finite and infinite words may
not be the same as its language when interpreted over infinite words alone. For
example, when the semantics is interpreted over infinite words alone, we have
that [b W false] = {¢| ¢ [, b}®, but when the semantics is interpreted over finite
words as well, we have [b W false] ={¢ | (Ir,, b}°U{l | LIk, b}*.

A regular language (over finite words) L can be expressed in LTL_WR by means of
the formula (r;, {— X false) where r; is a regular expression accepting the same
language as L. An omega regular language (over infinite words) L can expressed
in LTL_-WR by means of the formula y; A ((X!true) W false) where y is an
LTL_WR formula accepting the language L when interpreted over infinite words
only.

Thus, for every co-regular language L we can construct an LTL_WR formula v z;,
such that [y, ]| = {w | w € L and w is finite } and a formula y;, s such that [y, ] =
{w|w € L and w is infinite }. Thus, the formula i, V ;,,¢ accepts exactly the set
of (finite and infinite) words in L. ]
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Classification of Automata for RE-based LTL WR-formulas

Proposition 3.15. Given an LTL_WR formula @, one can build a weak alternating
Biichi automaton By = (X,S,1,p,F,A) where |S| is in O(|@|) and L (By) is exactly
the set of (finite and infinite) words satisfying the formula .

Proof. We claim that the construction given in Proposition 3.10 yields a weak
alternating automaton. Thus, it is left to show that the constructed automaton is
weak. We show this by attaching a ranking function v that satisfies the following
two properties: (1) if s’ € p(s,¢) for some ¢ then v(s’) < v(s) and (2) a state is
accepting iff v(s) is even. The definition of v is given as follows, where [n], and
[n], denotes the least even (resp. odd) number that is at least as n.

e V(0,TRUE) =0, V(1,TRUE)=1, V(0,FALSE)=1, V(1,FALSE)=0
e V(0,NONEMPTY) =1, V(1,NONEMPTY) =2
o v(0,61) =1, v(1,b)=2, v(0,-b!)=2, v(I,-b!)=1
o V(0,(BY)) =2, V(I,(BY))=3, Vv(0,(B"))=1, v(I,(B))=2
where in (p, (B?)) it is understood that g is not the trapping state of B, while
in (p, (B%a¢)) it is understood that gy, is the trapping state of B.
0 if AD) i ti

V(P yAD) = [max{v(p,y),v(p,9)}]. i (p,\;{ ) is accepting

[max{v(p,y),v(p,8)}], otherwise

_J [max{v(p,y),v(p,9)}]c if (p,~(yAV))is accepting
V(P ~(yn9)) = { [max{v(p,y),v(p,8)}], otherwise

2

e v(0,Xly) = [max{v(0,NONEMPTY),v(0,¥)}|,,
v(1,Xy) = [max{v(1,NONEMPTY ),V(1,¥)}].,
v(0,—Xly) = [max{v(l,NONEMPTY),v(1,y)}]e,
v(1,=Xhy) = [max{v(0,NONEMPTY),v(0,¥)}|,

e v(0,[wUd]) = [max{v(0,y),v(0,9)} o,
V(la [WUﬁD = (maX{V(l,W),V(l,ﬁ)He,
v(0,=[yUd]) = [max{v(L,y),v(1,8)} .,
v(lv_'[WUﬂD = [max{v(O,\p),v(O,ﬁ)ﬂo

o V(O, <Nq7\lf>) = [V<07W)—‘0’ V(17<quw>) = [V(17W)~|es
V(O,—|<Nq,\jl>) = [V(17W)~|e’ V(1ﬁ<Nq7‘lf ) = [V(O, )—‘0

0

Proposition 3.16. Let r be an RE, and © an LTL_WR formula. If there exists a
weak (terminal) Biichi automaton for —Q with state set S, then there exists a weak
(terminal) Biichi automaton for —(r +— @) with at most O(|r| + |S|) states.

Proof. Let r be an RE and ¢ be an LTL_WR formula. We want to build a Biichi
automaton for the negation of r — @. Note that by the semantics of suffix impli-

cation [ri— @] = [/ — @] where S(r') = S(r) \ {€} and [¢'] = [¢] \ {€}. We
therefore assume without loss of generality that € ¢ S(r) and that € ¢ [@]
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Let N, = (%,S,,1,p,, F,) be the NFA constructed for r as in Proposition 3.4. We
build from it the NFA N} = (%,S,,1,,p},F;) where S, = S, U{qfin}, F} = {qsin}
and p, = p,U{(q,¢,qin) | g € F; s.t. (q,4,q5) € p,}. Clearly, N/ is a linear NFA
in |r| accepting the words tightly satisfying r such that there are no states in I, N F.

Let By = (X,S8¢,1,Pg, Fy,Ag) be the Biichi automaton accepting language [—¢].
We can assume the construction of By, is such that I is disjoint from F, and that
(s,4,5") € po implies s" & Iy.

We build the Biichi automaton B = (X,S,1,p,F,A) for —(r — @) as follows: S =
(SS\E)U (S \Ip); I =1; F = Fy; A = Ay; and

(P \{(s:60) [t € F}) U (po \{(s°,0,8') | * € Lp}) U

P= {(s.6,5") | 3t € F/ s.t. (5,4,t) € p,and 3s° € Iy s.t. (s°,4,5") € po)}

First we show that £ (B) = [—(r — ¢)]. Then we argue that if B, is weak (termi-
nal) then so is B.

Lve[-(r—o)]

= v, (r—o)

= v R, 0=

= Jj<|v|s.t. V0 }EPSI_ r and v/~ E., ¢

<= there exists a run so,si,...,5+1 of N} on v0-J such that sj+1 € F/ and

there exists an accepting (finite or infinite) run s{,s,s5 ... of B on v/-
such that sq, € I

j . j j
[s; = s) €piff Isj1 € F. s.t.s; = sj41 € p,and Is) € Ip s.t. sh — 5} € pg |
there exists an accepting (finite or infinite) run so,s1,...,s;,s],55 ... of

J

Bonv
< veL(B)

2. LetSy,...,S; be the partition of states and < the partial order that prove By
is weak(terminal). Let S} be S;\ I, for 1 <i <k. Let S. =S, \ F/. Then B is
proved weak (terminal) by the partition S}, S/ ,...,S) together with the partial
order S < S!, and S} < S} iff §; < §;.

O
Proposition 3.17. Let r be an RE. Then,

o there exists an universal alternating Biichi automaton for —r with state com-
plexity in O(|r|) if r contains no intersection operator and with state com-
plexity in 2°U) otherwise, and

o there exists a terminal existential Biichi automaton for —r with state complex-
ity in 2°U) if r contains no intersection operator and with state complexity
. 20 .
in 22°") otherwise.

Proof. Let B, = (£,SU{qpaa },1,p,S,S) be the existential Biichi automaton from
Proposition 3.5. Recall that B, has 20(I") states and for every word w over X,

1. there exists an accepting run of B, on w iff w

PSL r
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2. every run of B, on w reaches gpqq iff w

PSL r

Let B be the universal Biichi automaton (£,SU{qpua },1,P,{qpaa },{qpaa})- Clearly
B accepts a word w iff w F£_ r. Let B be the universal Biichi automaton (X,SU
{qbaa} 1,0, {qbaa }s{qraa}) Where

EZ {(S],K,SZ) ’ {e Z, (S],Z,Sz) c p}

Clearly, w € £(B) iff w € £(B). Therefore w € £ (B) iff w F£ riffw .

Psi
The universal Biichi automaton B can be translated into an ordinary existential
Biichi automaton B” with state set S’ such that |§’| is in 22" [21]. This translation
can be done in a way that preserves g,y as the unique trapping accepting state of
B'. Then it is clear that B’ is terminal by partitioning according to S\ {qpua} <
{4baat

0

Proposition 3.18. Let r be an RE. Then, there exists a weak Biichi automaton for
—r! whose state complexity is in O(|r|) if r contains no intersection operator and
in 2°U) otherwise.

Proof. Let rbe an RE. Let N = (X,S,1,p, F) be an NFA accepting the non-empty
words tightly satisfying r, with state complexity linear in |r| (for example, N is the
NFA of Proposition 3.4). We build from it the NFA N’ = (£,5',1,p’,F') where
S'=SU{qfin}, F' ={qsm} and p' = pU{(q,,qsin) | 35 € F s.t. (¢,£,qy) € p}.
Clearly, N is a linear NFA in |r| accepting the non-empty words tightly satisfying
r such that there are no transitions out of F’. It follows that in any accepting run,
F’ cannot be reached prior to the end of the run (i.e., if state sy € F’ is reached
during an accepting run, then s is the last state of the run).

We build a Biichi automaton B” = (X,5',1,p" ,F",A") as follows: A" = F" =
S"\F'; and p”" = p'U{(s,4,s) | s € F',£ € £}. Note that the states of F’ in
B are non-accepting and trapping. Finally, we build a Biichi automaton B =
(X,8,1,p,F",A") for —r! as follows:

5: {(S],&Sz) ’ te Z: (S],Z,Sz) € p//}'

Clearly v € £(B) if and only if v € £ (B").

First we show that £ (B) = [~(r!)]. Then we argue that B is weak.

1. ve [~(m)]

|
V S

V PSL r!
50.k
<y st ¥R r
0.k
Vk < |v|, " E 1
[since N’ recognizes non-empty matches of r]
Vk < |v| there exists no run of N’ on 7°-* terminating in a state in F’
[by the properties of N']
Vk < |v| there exists no run of N’ on ¥

P 1711101

0-k yisiting a state in F’
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[ by the definition of B” ]
Vk < |v| there exists no run of B” on

J

v0-k visiting a state in F’

!

[ there are two options ]
Either v is finite and any run of B” on v does not terminate in a state in
F/
Or v is infinite and any run of B” on v never visits a state in F’
<~ ve (B
<= ve L(B)
2. Let the partition and partial order of the states of B be '\ F/ < F’. Since
F"=A" =S\ F' and F’ is trapping, it follows that B is weak.
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4 Translating Alternating into
Nondeterministic Automata

This section discusses the translation of alternating Biichi automata to nondeter-
ministic Biichi automata. Nondeterministic automata are necessary in most appli-
cations, including model checking.

The usual strategy for linear temporal logic (LTL) model checking is the following

1. Convert the negation of the desired property into a nondetermistic Biichi
automaton (a tableau),

2. construct the product of the tableau and the finite-state machine representing
the model under test, and

3. check for language emptiness on the resulting product automaton. For lan-
guage emptiness checking a fair CTL model checker can be used [19].

Various methods have been suggested for the construction of the tableau for LTL
[19, 18, 11, 12, 26, 17].

From an automata-theoretic point of view, the difference of the PSL core LTL_WR
and linear temporal logic is essential. Linear temporal logic is equivalent to one-
weak alternating automatons which in turn correspond to star-free ®-regular lan-
guages [24][27]. The logic LTL_WR, on the other hand, is as expressive as ®-
regular languages (or more accurately co-regular languages) as stated in Proposi-
tion 3.14.

The fact that PSL is more expressive implies that the automata generation pro-
cedures for LTL do not generalize to PSL. Nevertheless, there are large classes
of properties which generate one-weak automata or even terminal automata (e.g.
repetition of single letters or star-free expressions).

To take advantage of this fact, we propose a flexible workflow using various algo-
rithms to maximize efficiency. We present a general algorithm, based on Miyano
and Hayashi’s approach, which can handle all alternating automata. For the sub-
classes of one-weak and terminal automata we propose the use of specialized, more
efficient algorithms. Therefore, the first step of model checking is to examine the
alternating automaton and to choose the right algorithm to derive a nondetermin-
istic tableau. The constructions are described in the following subsections.

e Terminal Automata: For terminal automata (which represent languages
over finite words) we can use the subset construction to remove universal
choice, yielding in automata of size 2".

e One-weak Automata: For these automata we present an algorithm to create
a non-deterministic automaton of size » - 2"
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o Weak Alternating Automata: For the general case of weak alternating au-
tomata, we use a variant of Miyano and Hayashi’s approach. The resulting
non-deterministic Biichi automaton has size 22",

Many algorithms need a symbolic (BDD-based) representation of the automaton.
The standard approach is to first translate the alternating automaton to a non-
deterministic one, followed by a symbolic encoding of the non-deterministic au-
tomaton. The reencoding introduces inefficiency. At the end of this section, we
show how to avoid this inefficiency by introducing a direct transformation from al-
ternating automata to a symbolic representation in the form of a discrete transition
structure. This transformation is inspired by the construction of [19, 11] for LTL.
We extend it to alternating automata.

The following two subsections introduce the proposed algorithms in detail. The
first one considers the three variations of universal choice removal, and the second
one covers the implementation of efficient symbolic model checking.

Removing Universality

This section covers three solutions to translate alternating to non-deterministic au-
tomata by removing universal choice. In the first subsection, the subset construc-
tion is considered. This constructions works for automata on finite words, and
hence also for terminal automata. We also show why this construction does not
work for automata on infinite words.

In the second subsection, an efficient algorithm for one-weak automata is pro-
posed, followed in the third subsection by the discussion of a general algorithm in
the style of Miyano and Hayashi.

The subset construction is widely known as a means to create deterministic finite-

word automata from non-deterministic finite-word automata by eliminating exis-

tential choice [20]. For automata on finite words this method can also be used to

eliminate universal choice [10], thus translating an alternating to a non-deterministic
automaton. When removing non-determinism, a state in the resulting automaton

represents the set of states that can be reached for a given input in the original

automaton. When removing universality, a state in the resulting automaton repre-

sents the set of states that are reached simultaneously, on different branches of the

run tree.

For finite words and a corresponding acceptance condition, the subset construction
is perfectly suitable. Acceptance for the new states can be determined easily: if all
simultaneously visited states are accepting in the original automaton, then the state
representing this set is accepting as well. The same holds for terminal automata,
which in effect recognize languages over finite words.

Infinite words and corresponding acceptance conditions pose a challenge. As we

will show by example, later in this section, it is not easy to reduce the acceptance
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conditions for separate branches of a run tree to an acceptance condition expressed
in terms of the set of states reached at any particular level of the tree. Miyano and
Hayashi [21] have shown how this problem can be avoided by using a modified
version of the subset construction. The modified construction has the drawback of
requiring 22" instead of 2" states.

For one-weak automata we have a somewhat easier job. For such automata, the
question is whether a branch in the run gets stuck in a bad state. This is something
that can again be checked locally, by seeing if a self loop on a bad state is being
used. This allows us to give a more efficient algorithm than the one of Miyano and
Hayashi, using n - 2" states.

Removing Universality from Terminal Alternating Automata

An algorithm for the proposed idea of subset construction for removal of alterna-
tion is described next. It can be applied to alternating automata on finite words and
terminal alternating automata [10].

1. The algorithm takes an alternating automaton with labels on the edges as
input.

2. The output of the algorithm is a non-deterministic automaton. A state of the
non-deterministic automaton is identified by a set of states of the alternating
automaton.

3. Add the initial states to an empty stack S, containing states of the con-
structed automaton yet to be processed.

4. Initialize an empty set Sy, that will contain the states of the non-deterministic
automaton.

5. Initialize an empty set of edges E.
6. Consecutively perform the following steps on Queue S,, and stop if the
queue gets empty:
(a) Fetch the first element of S,,,,.. We will refer to this state as the actual
state s,.

(b) Perform the following steps for each label / and for each set of states S’
in the alternating automaton, such that S’ satisfies the transition relation
of all states in the alternating automaton identifying the actual state.

i. Add the actual state s, to the set S;,q,,.

ii. If the new state determinded by S is not in set S,,c,, make sure it is
in the queue Spoc.

iii. Add the corresponding edge to E.

7. Create an accepting set S, including all states of S, for which all corre-
sponding states in the original automatons are accepting.

8. The resulting automaton is determined as follows:
e The state space equals Syeqy.
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e The transition relation equals the edge list F.
e The initial states remain the same as with the original automaton.

e The accepting states equal the set Sgc..

The proposed algorithm implements the following mathematical concept of subset
construction.

Proposition 4.1. Given an alternating finite automaton B, = (¥, S,{so},p,F,0),
one can build a non-deterministic finite automaton B, = (£,8',{so},p’,F’,0) with
L (By,) = L(B,) according to the following construction:

o §=25
. 0(6.:0) = {d €5 | = Ap(s,0), and g is minimal}

seq
o F'={qeS |qCF}

The following two examples shall illustrate why subset construction as proposed
does work for instance for some weak alternating automata and does not for gen-
eral alternating finite automata.

Example SC1: Subset construction performed on an alternating Biichi automaton
(for infinite words).

Consider the automaton Bgcp in Figure 1 (p.34) and a Biichi acceptance condi-
tion with two accepting states A = {4,5}. The automaton obviously accepts the
language of all words beginning with a. Subset construction performed on this au-
tomaton leads to an automaton illustrated in Figure 2 (p.35) without any accepting
state, thus an incorrect result recognizing not any single word.

Figure 1: Alternating automaton B¢

Example SC2: Subset construction for a terminal weak alternating automaton for
infinite words.

Consider the weak alternating automaton Bg¢; in Figure 3 (p.35) featuring an ac-
ceptance set A = {5,6}. The automaton obviously accepts all words beginning
with a, as does the automaton in Example SC1. The subset construction per-
formed on automaton Bgc, results in an automaton illustrated in Figure 4 (p.35)
recognizing exactly the same language, thus providing a correct result.

Comparing the examples unveils the origin of the problem. Alternation in gen-
eral may lead to automata runs in which each branch is accepting, while at the
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Figure 4: Subset Construction on Bgc;

same time, the simultaneously visited states may include accepting and some non-
accepting states at all times. This does not suit the subset construction as proposed.
For terminal alternating automata, however, we have that if the word is accepted,
all runs eventually end up in a terminal accepting component. If it is not accepted,
at least one branch will never visit an accepting component.

Concluding, the proposed subset construction for the elimination of universality
introduces new states corresponding to sets of states which are visited simultane-
ously on a run of the original automaton. If all parallel visited states of the original
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automaton are accepting, so is the combined state in the constructed one. If there is
one single non-accepting state among the parallel visited ones, the combined one
is non-accepting.

Removing Universality from One-Weak Automata

In this section we extend the concept of subset construction to work on one-weak
automata by an enhanced acceptance management. To remove universal choice,
we again use subset construction. Thus we get a nondeterministic automaton
whose states represent the set of states the original, alternating automaton would
be in. For the acceptance condition however, it no longer is enough to look at the
set of states we visit concurrently as it was for AFAs. In opposite to finite words,
we now might have accepting runs where the different branches are never in ac-
cepting states at the same time, but nevertheless each branch visits them infinitely
often. Therefore we carefully have to track the success of each branch.

A run on our automaton is non-accepting, if one or more branches loops forever
in a non accepting state. To capture this, we do not define the new accepting
states in terms of the states they represent in the alternating automaton but by the
transitions which were used to reach them as suggested in [17]. If a state is created
by avoiding a self loop on s;, we say it is good for s;. An accepting SCC is good
for all s;, thus it is not necessary to limit its size to one element to calculate the
corresponding predicate.

Because there are a number of states to avoid, we add a state variable that increases
from i to i + 1 mod n whenever we are not stuck in s;. Thus, if a run does not get
stuck in any s;, this counter becomes zero infitely often, and if the counter gets
stuck at i, that means that the run has gotten stuck at s;

Definition 11. Let B = (X,S,{s0},p,F,A) be a one-weak alternating Biichi au-
tomaton. Let A = S\A = {s1,...,s,} be the set of bad states, let a tuple (s,t) €
S x 25 be good for a bad state b if b # s or b ¢ t, and let

next(c, ((s1,51),-- -, (5k,8%))) =

c+1 mod(k+1) ifc=00rVj,(s;,S;) is good for b, and
c otherwise.

Define a NBA B’ = (X,T,{s0,0},p’, F',A")

with

T = 2x[0,/A%)
p'((t,c),l) = {({,)|t="{s1,...,5},381,...,8k: USi =1t Vi,S; = p(si, 1),
i

and ¢’ = next(c, ((s1,81),--., (5t,S))},

A = 25x{0}
F' = 2Fxjo,....7]
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A run on the nondeterministic automaton B’ only captures the set of states the
alternating automaton would visit, but loses the structure of the original tree run.
To capture this behaviour, we define the run on a directed acyclic graph.

Definition 12 (Run-DAG). A run on a directed acyclic graph for a run t= (T, t)
is a structure T = (V,E, t') where

e V=teT| A T |t|=||,f <t,t(t)=t()}

E={(t1)] t,/eVy=<t |t|+1=]|or
I eT\V:t()=c@"),|t|+1=||=1"],t <t"}

o VieV:t(t) =t(r)

As a run-DAG only keeps the successors of one state per layer, we lose infor-
mations in comparison to the tree run. Nevertheless, a recall of the fact that all
branches of an accepting run are accepting leads us to the following observation.

We call T a run-DAG for w if it is a run-DAG for some run for w. The acceptance
criteria for a run-DAG are exactly the same as those for a run, but branches may
now overlap.

Lemma 4.2. If alternating automaton has a run for a word w iff it has a run-dag
Jor w.

Proposition 4.3. The language of B is the same as the language of B'.

Proof. = Let T be a dag run of 4 for a word w. Let S; be the set of nodes on level

I of the run
We have:
e So={so}
e S;={s1,...,5} and because of the definition of a run, there are Sji,..., S

such that §; = {J; S;; and Vi, S; = p(si, wy)

Thus, there are i; such that T = ((So, o), (S1,i1),...) is arun of A’ for w

Now suppose that T is accepting. If the |w| is infinite, then there is no branch of
7T that eventually gets stuck in a bad state, and for every bad state b there are in-
finitely levels / such that for all j, (s;,S;) is good. Thus, i infinitely often increases,
infinitely often passes 0, and 7’ is accepting. If |w| is finite, then S|, consists of
only accepting states, so it is in F’, and T’ is accepting.

< Let T = (Sp,...) be an accepting run of 4’ for a word w. A dag run T for A can
be built by using the transitions (s;,S;) from the definition of A’. If T’ is accepting
and infinite, on every level, then for all j, the counter c increases from j to j+ 1,
which means that the self loop on b; is not used. Since all self loops on bad states
are unused infinitely often, T does not get stuck in a bad state, and is accepting.
For finite runs, if T’ ends in a state S; € F’, then T end in only states in F. O
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Removing Universality from Alternating Automata

For general automata, we have to remove alternation explicitly. The resulting au-
tomaton is converted to a symbolic representation in an extra step.

Proposition 4.4. Let B be an alternating Biichi automaton on finite/infinite words
with n states. There exists a Biichi automaton B, on finite/infinite words with 20
states that accepts the same language.

Proof. The proof follows the construction of Miyano and Hayashi [21] for the
same proposition restricted to infinite words. Let B = (X,S,{so},9,F,A) be an al-
ternating Biichi automaton on finite/infinite words. We define the Biichi automaton
(on finite/infinite words) B, = (X,S,,{({so},{s0o} \A)},0,, F1,A,) as follows:

e S, C25x 25 is the set of consistent pairs with respect to B, where a pair
P) € 25 x 25 is said to be consistent with respect to B if P C Q\ A.

(Q
e (Q',P)ising,((Q,P),0) iff Q'|= A,cpd(s,0) and either:
- P=0and P =Q'\Aor

— P # 0 and there exists a set ¥ C Q' such that Y|= A,cp0(s,0), and
P =Y\A.

o F,={(Q.P)€S,|QCF}.
o A,={(Q,P)ES,|P=0}.

Following [21], we have that for every infinite word w, w € £ (B) iff w € L(B,,).
Thus, we need to prove the following lemma:

Lemma 4.5. Let w be a finite word. Then w € £ (B) iff w € L (B,).

Proof. First direction: Let w be a finite word in £ (B). We prove that w €
L(B,). Let = (T,t) be an accepting running tree of B on w. We define
a running trace (Qo,Po), (Q1,P1),--- (Qpw|,Pw)) such that Q; = {s | t(t) =
s for some ¢ € T with |¢t| = i}, and P; = Q; \ A. We prove that this trace is an
accepting running trace of B, on w.

— Since t(€) = s0, we have that (Qo,Py) = ({s0},{s0} \A) which is the
initial state of B,,.

— Lets € Q; for i < |w|. Then, there exists a node 7 of T such that t(¢) = s
and |f| =i. Let X = {t(¢') | ' is a child of t}. Then, X |= 8(s,w') and
X C Qi1 thus Qi 1| 8(s,w'). This implies that for every s € Q; we
have that Q; 1 |l= 8(s,w'). Since P; C Q;, we can always select Y = Q41
and P;;; =Y \ A. Then for every s € P;, Y |= 8(w,w’). Thus, we have
that (Qit1,Piv1) € 8,((Qi, Pr))-

— Since 7 is accepting, every branch of T of depth |w| ends in a node ¢
such that t(¢) € F. This implies that every state s € Q|| is in F. Thus,
(Qp> Pw) € Fa-
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Second direction: Let (Qo,Po),(Q1,P1), .- (Qpu|;Pjw|) be an accepting run-
ning trace of B, on w. We define a tree T = (T, t) such that t(€) = so and
every node ¢ such that |f| =i < |w| has |Q;41| children such that for every
s € Qi1 the node ¢ has a child ¢/’ with t(¢') = s. We prove that T is an accept-
ing tree of B on w.

— s 1s the initial state of B.

— Let ¢ be a node of T such that |¢| =i for i < |w|. Let t(¢) =s. Then,
s € Q;, and the definition of 8, implies that Q;, 1| 8(s, w').
Since Q;+1 = {t(¢') | ¢ is a child of ¢},
we have that {t(¢') | #' is a child of t}|= 8(t(¢),w').

— Since Qy,, C F,, we have that every branch of 1 of depth |w| ends in a
node 7 such that t(z) € F.

This completes the proof of the proposition. U

Symbolic Implementation

For model checking, we need the symbolic representation of a deterministic au-
tomaton. We show how to present the automata from Definition 11 and Proposi-
tion 4.4 as discrete transition system by introducing state variables which corre-
spond directly to the states in the definition. We omit the description for the subset
construction because it easily can be extracted from the definitions below (eg. by
taking only the part for Q in Definition 15.

Definition 13 (DTS). A discrete transition system is a symbolic representation of
a finite automaton on finite or infinite words. A DTSD : (V,0,p,A,J) consists of
the following components.

o V={uy,...,uy}: A finite set of typed state-variables. We define a state s to
be a type consistent interpretation of V, assigning to each variable u €V a
value s[u] in its domain.

o O: The initial condition. This is an assertion characterizing all the initial
states of the DTS.

e 1. The transition relation. This is an assertion T(V,V') relating a state s
to its successor s' by relating to both unprimed and primed versions of the
state.variables.

o A: The accepting condition for finite words. This is an assertion character-
izing all the accepting states for runs of the DTSsatisfying finite words.

e J: The Biichi acceptance condition for infinite words as assertion charac-
terizing the set of accepting states. For an infinite run to be accepting, it is
required that the computation contains infinitely many states satisfying J.

Automata Construction Algorithms Translating Alternating into
Optimized for PSL Nondeterministic Automata e 39



It is straightforward to encode the automaton 4 from Definition 11 as DTSby using
one binary variable for each state and input signal, and a counter for the bad states
of size 1d(|S]).

Definition 14 (DTS for one weak automata).

o V={s50,...,8,00,-..,am,c} where there is one variable s; with the domain
[0,1] for every state in the alternating automaton, a variable a; with [0,1]
per possible input signal and a variable ¢ with domain [0,...,|AC|] for the
bad state counter.

e O= (5o ASTA---ASpA(c=0))

o We define T in terms of the transition relation of the alternating automaton
p. We use p’ to emphasize that we write the result of the transition relation
in terms of the primed state variables.

=N\ <s—> \/ (G/\p/(S,G)/\'Ys,c,G)> A(c)

seS cexr

The outermost A states that for a transition to take place, we have to follow
the transitions of all involved states. The inner \/ demonstrates that we can
choose which edge to take if it matches the input 6. Next states are given by
T. The selected edge also sets a bit g; . which is used to set the counter c¢
accordingly.

Ys.co = (gs,c = (S 7& beV p/(s,G) [bc - J—]))

The bit g, . becomes true if our start state is not equal to the bad state b, € A€
or we have the choice to avoid b, in the next state. rho(s,o0)[b, — L] states
that we set the value of b. within the boolean expression returned by rho to
false. If we still can satisfy it, we also can avoid b.. We control the value of
c by:

0(c) = </\gs,c/\C/:C+1> vV =c

seS
e A=(c=0)
o J=Vs¢gF:(s=0)

For alternating automata in general, we need two variables for each state resulting
in an automaton of size 20

Definition 15 (DTS for alternating automaton).

o V={500,---:50n:5P0; - --+5Pn,Q0, . ,am} With two variables s and s;p with
the domain [0,1] for each state in the alternating automaton, and a variable
a; with [0,1] for each possible input signal.

® ®=s500ASoI A+ ASgn ASPOA -+ ASpn
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o We have to maintain two sets: Q represents the states the alternating au-
tomaton would be in and is calculated in the obvious way by selecting the
destinations of the old transition function. P represents states of branches
which have not seen a accepting state in the alternating automaton since the
last accepting state in the new automaton. The corresponding definition is
split in two parts: If P # 0 we demand the set of states which satisfy the tran-
sition relation without taking care of the accepting states ([Vs €A s — T| —
all accepting states in the boolean expression are set to true). In case P is the
empty set, all branches have seen an accepting state, thus we start over with
the full set of successors of Q. Again, we use p’ to emphasize that the result
of the transition relation is written in terms of the primed state variables. (P’

or Q')

=N\ (s—=V (6rp'(s,0) | A

seQ cex

Vs=>Als—\V (cnp(so)vscAd:s—T]) | |A

sepP sepP ceL
Vs—>/\ s—>\/(0/\p’(s,c)[Vs€A:s—>T])
seP seQ cer

o We set a state accepting, if all branches of the run have seen an accepting
state, thus P is the empty set.

A=5po/\--NSpu

o J=Vs¢F:(s=0)
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5 Conclusions

In this paper we have provided a method to construct efficient automata for the PSL.
core language LTL._WR. We have shown that a specification written in LTL_WR
can be translated into a nondeterministic Biichi automaton with a doubly-exponential
blowup. One exponential blowup is necessary to handle the intersection operator
“length-matching sequence conjunction” in the regular expressions, and affects
only the parts of the formula that are sub-formulae of an intersection. In particular,
in the absence of an intersection, the blowup is singly exponential.

Our construction goes through weak alternating automata. We have shown two
methods to convert such automata to nondeterministic ones. The first method is
an adaptation of Miyano and Hayashi’s approach to automata on finite and infinite
words. This approach causes a 2% blowup, and for the class of one-weak automata,
we show that an n - 2" blowup suffices.

We have also shown that the approaches to convert alternating to nondeterministic
automata can be implemented symbolically. This means that the nondeterministic
automata never needs to be built explicitly, and the inefficient step of re-encoding
the state space is avoided.
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