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Executive Summary

This document describes the theory of property realizability. Property realizabil-
ity is the preliminary check before property synthesis which in turn deals with
automatically synthesizing a design from a specification given in the linear-time
fragment of PSL. In this document we review the theory of realizability and the
techniques used so far to tackle this problem. Then we identify sufficient con-
ditions for checking the realizability or unrealizability of a specification and we
provide a description of the we identified to verify those conditions. The algo-
rithms can then be implemented using BDD or QBF techniques, both approaches
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are discussed. Finally we consider the problem of showing the designer useful
debugging information.

Purpose

The purpose of this document is to describe the research done on property realiz-
ability in the PROSYD project. The document provides an overview of different
methods aiming to prove realizability or unrealizability of a set of properties with-
out trying to synthesize a design which is out of the scope of this document.

Intended Audience

This document is intended for researchers working on PSL or a similar specifi-
cation languages, who are interested in automatic synthesis and in particular in
techniques aiming to detect the realizability or unrealizability of a set of proper-
ties. It is assumed that readers are familiar with the notions and terms related to
PSL, Temporal Logics and their semantics, have a good understanding of model
checking, symbolic model checking, of game theory, and of automata theory, in-
cluding tree automata and alternating automata on infinite words.

Background

Realizability of linear-time formulas was formalized by Pnueli and Rosner [13].
In their approach there is the need to determinize the automata, which is very
expensive and intricate [16]. In this document we propose techniques that avoid
the complete methods that assume the specification being realizable and thus aim
to synthesize a program. We identify sufficient conditions to prove realizability
or unrealizability of a given set of properties and we provide algorithms to check
these conditions.
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Glossary

Alternating Tree Automaton

An automaton with an arbitrary branching mode running on trees.

Atomic Proposition

An atomic proposition of a formula in a propositional logic corresponds to signals
in a design or implementation.

AWT

Alternating Weak Tree Automaton is an alternating tree automaton whose states
are partitioned into partially ordered sets. Each set is classified as accepting or
rejecting. The transition function is restricted so that in each transition, the au-
tomaton either stays at the same set or moves to a set smaller in the partial order.

BDD

Binary Decision Diagram. A data structure upon which many model checkers are
based.

Branching Mode

The branching mode is a way to classify automata. We distinguish between four
branching modes: Deterministic, nondeterministic, universal, and alternating. In
a deterministic automaton, the transition function maps from state and letter to a
single state. The transition functions of nondeterministic and universal automata
map to sets of states. The automata differ in the way they accept an input word
or tree. In a nondeterministic automaton the suffix of the word or tree should be
accepted by one of the states in the set. In the universal automaton all states in the
set have to accept the suffix. An alternating automaton can have nondeterministic
and universal edges.

BMC

Bounded model checking. A method of model checking in which a limited number
of cycles is examined. Typically, a bounded model checker can falsify, but not
verify, a design.

Conjunctive Normal Form (CNF)

A boolean formula is in Conjunctive Normal Form (CNF) if it is a conjunction of
clauses, where a clause is a disjunction of literals. A literal is an atomic proposition
or its negation.

Design

A hardware netlist (a list of logic gates and their interconnections which make up
a circuit) representing the design phase of a chip.

Generalized Reactivity (1) formula – GR(1)

Any PSL or LTL formula of the form

m̂

i

(always eventually! pi) ⇒
n̂

j

(always eventually! q j)

where pi and q j are Boolean formulas.
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Infinite Game

A finite state machine on which two players, the protagonist and the antagonist,
determine the run, by each determining part of the input. The game comes with
a winning condition and the task of the protagonist is to make sure that the run
satisfies this condition.

Language Emptiness

The language of an automaton is empty iff the automaton accepts no input object
(word or tree). That means there is no accepting run for this automaton.

LTL

Linear Temporal Logic or Linear-time temporal logic. LTL is a temporal logic for
property specification in formal verification [12].

LTL/PSL Game

An infinite game where the winning condition is given as LTL/PSL formula. All
plays in which the sequence of states visited fulfill the given formula are winning
for the protagonist. Otherwise the antagonist wins.

NBT

Nondeterministic Büchi Tree Automaton. An alternating tree automaton with
Büchi acceptance condition and nondeterministic branching mode.

NBW

Nondeterministic Büchi Word Automaton. An alternating automaton with Büchi
acceptance condition and nondeterministic branching mode. The automaton runs
on words.

PSL

Property Specification Language[14], the language for specification of designs
upon which PROSYD is based.

Quantified Boolean Formula (QBF)

Quantified Boolean Formula Problem (QBF) is a generalization of the Boolean
Satisfiability Problem (SAT) in which both existential quantifiers and universal
quantifiers can be applied to each atomic proposition.

QBF Solver

QBF Solver is a solver for deciding quantified boolean formulas (QBFs).

Realizability

A given PSL or LTL formula ϕ over a sets of input E and output S signals is
realizable if there exists a strategy f : (2E )∗ → 2S such that all the computations
of the system generated by f satisfy ϕ. Intuitively, a specification is realizable if
there exists a system that can respond in such a way that independent of the input
values chosen by the environment the combination of inputs and outputs always
fulfills the given formula.

Safety Property

A safety property states that something bad should not happen. For instance, “a is
never 1 in two consecutive clock ticks.”
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SAT

The Boolean Satisfiability Problem (SAT) is a decision problem represented by a
boolean expression written using only AND, OR, NOT, atomic propositions, and
parentheses. The question is: is there some assignment of TRUE and FALSE
values to the atomic propositions that will make the entire expression true?

SAT Solver

A SAT Solver is a solver for deciding the satisfiability of a Boolean Satisfiability
Problem (SAT).

Synthesis

The process of automatically generating a design from a given specification. For-
mally, check if the given specification is realizable and find a witness.

UCT

Universal co-Büchi Word Automaton. An alternating tree automaton with co-
Büchi acceptance condition and universal branching mode.

Winning Strategy

A recipe with which a player is guaranteed to win an infinite game, no matter what
the other player does. A finite state strategy may depend on a finite memory of the
past, i.e., the move the strategy suggests can depend on previous moves of the two
players. A memoryless strategy depends only on the current state of the game.
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1 Introduction

One of the most ambitious and challenging problems in reactive systems construc-
tion is the automatic synthesis of programs and (digital) designs from logical spec-
ifications, e.g. LTL [12] or PSL [14]. As already discussed in [7] the prevalent
approaches to solving the synthesis problem suggest to reduce it to the emptiness
problem of tree automata, and view it as the solution of a two-player game.

Pnueli and Rosner in [13] propose a method that starts from a given LTL specifi-
cation ϕ and constructs a Büchi automaton Bϕ. The Büchi automaton Bϕ is then
determinized into a deterministic Rabin automaton [16]. This double translation
may cause a complexity that is doubly exponential in the size of ϕ. Once the Rabin
automaton is obtained, the game can be solved in time nk, where n is the number
of states of the automaton and k is the number of accepting pairs. The high com-
plexity established in [13] and the intricacy of Safra’s determinization construction
have caused the synthesis process to be identified as hopelessly intractable and dis-
couraged many practitioners from ever attempting to implement it.

In the PROSYD deliverable [7] it has been thoroughly discussed how to tackle
the synthesis of a design from a logical specification given in the linear fragment
of PSL. All the approaches described in [7] solve the realizability problem by at-
tempting to synthesize a winning strategy for the system, and during the expensive
process of synthesis possibly discovering that the specification is not realizable.

Given the high complexity result of [13] it appears to be of extreme importance
to be able to detect in advance, before starting the synthesis process, whether the
specification is realizable or not. In this document we aim to identify sufficient
conditions for the realizability of a given specification that will allow us to de-
tect the realizability or unrealizability of a specification without starting the real
synthesis process.

In Chapter 2 we provide formal definitions of realizability, and we revise the most
significant approaches to synthesis from the literature. In Chapter 3 we identify
some conditions for unrealizability and we propose some algorithms based on ex-
isting technologies to check whether a specification is unrealizable without solving
the whole game problem. In Chapter 4 we identify some conditions for realizabil-
ity and we propose some related algorithms. Finally, in Chapter 5 we discuss the
problem of providing the user useful debugging information to allow him to correct
the specification or to improve the quality of the specification.
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2 The Realizability Problem
Given the disjoint sets E and S of input and output signals respectively, a formula
ϕ expressed in a temporal logic (e.g. LTL or PSL) over atomic propositions on
E ∪S specifies the valid behaviors of the component we would like to design. The
realizability problem consists of checking whether there exists a program P that
satisfies ϕ [13].

Let D be some non-empty data domain. According to [13] a program P can be
represented as a function fP mapping non-empty sequences of D elements into
elements of D, i.e. fP : D+ 7→ D. The intuition is that fP represents a program
with for instance an input variable e ranging over D and an output variable s also
ranging over D, such that at each step i = 0,1, . . . the program outputs (assign to
s) the value fP(e0,e1, . . . ,ei), being e j the value assumed by variable e over steps
j = 0 . . . i. In the following we do not distinguish between P and fP.

We define a behavior of the program fP as the infinite sequence

σ : 〈e0,s0〉,〈e1,s1〉, . . .

such that for every i ≥ 0, ei,si ∈ D, and si = fP(e0, . . . ,ei).

We say that a program P satisfies a temporal property ϕ(e,s), written P |= ϕ(e,s),
iff every behavior σ of P satisfies ϕ, i.e. σ |= ϕ(e,s).

Given these notions the realizability problem can be clearly stated as follows.

Definition 1 (Realizability [13]) Given two distinct sets E and S of input and
output signals respectively, and an LTL formula ϕ defined over (E ∪ S), we say
that ϕ is realizable iff there exists a program P such that P |= ϕ.

Specifications for which such a program exists are called realizable or imple-
mentable. Dually, specification for which such a program does not exist are called
not realizable or unrealizable.

It is common practice to specify the formal specification of a component with two
disjoint sets of properties ΓA and ΓG. ΓA specifies the assumptions on the envi-
ronment, while ΓG represents what the system has to guarantee if the environment
behaves as assumed in ΓA. Thus, the formula ϕ to be used is such that:

ϕ =

(

^

ϕA∈ΓA

ϕA

)

−→

(

^

ϕG∈ΓG

ϕG

)

The main question is to find conditions which are necessary and sufficient for the
realizability of a given specification.

The satisfiability of the temporal formula ϕ, that’s its consistency [15], is a neces-
sary but not sufficient condition for the realizability of ϕ.
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Let us consider the following set of requirements expressed in PSL, where E =

{go,req,cancel} and S = {grant}, ΓA = /0 and ΓG = {(1),(2),(3)}, being (1),
(2) and (3) the PSL formulae reported below.

(1). always ( req -> next e[1:3] grant)
(2). always ( grant -> next (!grant))

(3). always ( cancel -> (!grant) until go)

This set of requirements is definitely satisfiable. A path that satisfy all of them is
in Figure 1.a.

go

req

cancel

grant

go

req

cancel

grant

a. satisfiable b. unrealizable

Figure 1: Example of input and output signals.

However, this set of properties is unrealizable, because no matter how we build
the program, the environment can enforce a behavior where the signal go is al-
ways false, the signal cancel is issued to true whenever req is true, thus violating
the above specification (Figure 1.b). That’s there is a conflict among formula (1)
and (3) when req and cancel are asserted together and the signal go does not
cooperate by remaining always false.

This is a consequence of the fact that in constructing the program P, we cannot
control the behavior of the environment.

Below we report Theorem 1 in [13].

Theorem 1 (Realizability [13]) Let ϕ be an LTL specification over the distinct
sets of signals E and S , the following conditions are equivalent:

• ϕ is realizable.

• The formula ∀E .∃S . Aϕ is valid over all tree-models.

• The formula Aϕ holds over a full-x-tree.

• The formula Aϕ∧AG(∀e ∈ E .∀v ∈ De. EX(e = v)) is satisfiable (De is the
set of possible data for signal e).

Thus, the fact that logical consistency of the formula ϕ is a necessary condition for
the realizability of ϕ is captured by the following theorem.

Theorem 2 If an LTL formula ϕ is realizable then ϕ is logically consistent.
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The proof relies on the fact that ϕ is logically consistent iff ∃E .∃S . Eϕ is valid,
that’s if all the tree-models are such that there is one full-path satisfying ϕ. It is
then trivial to show that if ∀E .∃S . Aϕ is valid, then also ∃.E∃S . Eϕ is valid.

The prevalent approaches to solve the realizability problem consist in reducing it
to the check for language emptiness of a tree automata, and in interpreting it as
the existence of a program satisfying the specification. This approach allows to
formalize the realizability problem as a two player game among the system we are
going to realize and the environment: the system plays against the environment
and wins if it produces a correct behaviors. In this framework, checking for realiz-
ability amounts to check for the existence of a winning strategy for the system in
the corresponding game. The intuition being that a set of requirements is realizable
iff it can be implemented for each known environment.

In the following we review the approaches to solve the problem.

2.1 Realizability as two player game
Using an approach similar to the one proposed in [7], we can formally define a
game structure as follows.

A game structure G is a tuple G = (E ,S ,Q,Q0,ρE ,ρS ,ϕ), where: E and S are two
distinct sets of typed variables representing respectively the variables controlled
by the environment and the variables controlled by the system; a state q is an
interpretation of E ∪ S assigning to each variable v ∈ E ∪ S a value belonging
to the corresponding type; Q is the set of all states; an assertion is a Boolean
formula over E ∪S ; a state q satisfies an assertion ϕ denoted q |= ϕ, if q[ϕ] = true;
Q0 is an assertion characterizing the initial states; ρE (E ,S ,E ′) is the transition
relation of the environment. This is an assertion relating a state in Q to a possible
input value in E , by referring to unprimed copies of E , S and prime copies of E ;
ρS (E ,S ,E ′,S ′) is the transition relation of the system. This is an assertion relating
a state in Q to a possible input value in E and output value in S , by referring to
primed and unprimed variables of E and S ; ϕ is an LTL or PSL formula identifying
the winning condition. In the following we refer to a state q as a pair q = 〈e,s〉
being e and s the interpretation of E and S variables respectively. Hereafter, when
clear from the context since a state q is an interpretation of the inputs and output
variables, we write ρ(q,q′) instead of ρ(E ,S ,E ′,S ′).

A play σ of G is a maximal sequence of states σ : q0,q1, . . . such that q0 |= Q0, and
for each j ≥ 0, q j+1 is a successor of q j (i.e. (q j,q j+1) |= ρE ∧ρS , where (q,q′) is
the joint interpretation which interprets u ∈ E ∪S as s[u] and u ∈ E ′∪S ′ as s′[u]).
Let G be a game structure and σ be a play of G. From a state q, the environment
chooses an input e′ ∈ E such that ρE(q,e′) = 1 and the system chooses an output
s′ ∈ S such that ρS (q,e′,s′) = ρS (q,q′) = 1.

A play σ is winning for the system if it is infinite and if it satisfies ϕ (i.e. σ |= ϕ).
Otherwise σ is winning for the environment.
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A strategy for the system is a partial function f : Q+ ×E 7→ S such that if σ =

q0, . . .qn then for every e′ ∈E such that ρE(qn,e′)= 1 we have ρS (qn,e′, f (σ · e′))=

1. A strategy can be seen as a program that given the history and the current as-
signments to input variables produces the next assignments for output variables.
In the following we use program and strategy as synonyms.

A play σ = q0,q1, . . . is said to be compliant with strategy f if for all i ≥ 0 we have
f (q0, . . . ,qi,qi+1[E ]) = qi+1[S ], where qi+1[E ] and qi+1[S ] are the restrictions of
qi+1 to variable sets E and S , respectively.

Strategy f is winning for the system from a state q if all q-plays (plays departing
from q) which are compliant with f are winning for the system. We denote by WS

the set of states from which there exists a winning strategy for the system. Dually
are defined the notion of strategy, winning strategy, and the winning set WE for the
environment

A game structure G is said to be winning for the system if the initial states are not
empty and all initial states are winning for the system:

/0 6= Q0 ⊆WS

Otherwise, the game is said to be winning for the environment.

A safety game is a game where the winning condition is a safety property, that’s
property stating that something bad should not happen.

Considerations about initial conditions

In the definition above, a game structure G is winning for the system if all the
initial states are winning for the system. Intuitively this means that initial states
are chosen by the environment, i.e. if there exists at least one state satisfying initial
condition and not winning for the system then the environment can always start a
play from this state and not allow the system to win.

If the system is granted the right to choose an initial state, then the definition of a
winning game has to be changed. Namely, a game structure G is winning for the
system if at least one of the initial states is winning for the system.

In an alternative setting, both the system and the environment can be able to con-
trol initial values of only their own variables, respectively. In this situation there
should be two initial conditions QE

0 (e) and QS
0 (e,s). Choosing initial values for its

variables the environment moves first and has to satisfy QE
0 . After that the system

chooses initial values for the system variables such that QS
0 is satisfied. The def-

inition of a winning game will then become the following: a game structure G is
winning for the system if for all the initial values of the environment variables sat-
isfying QE

0 there exist such values for the system variables that the obtained initial
state satisfies QS

0 and is winning for the system.

It has to be noticed that, the later setting requires a modification of the game struc-
ture itself to consider the two initial conditions in its body, QE

0 for the environment
and QS

0 for the system, i.e. G = (E ,S ,Q,QE
0 ,QS

0 ,ρE ,ρS ,ϕ). In this last setting we
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require that ∀e.(QE
0 (e) → ∃s.QS

0 (e,s)), thus capturing the case where the system
has no possible initial states given the choice of the environment.

Even though from practical point of view all these definitions of game structure
and thus of winning conditions can be useful, for the sake of presentation unless
explicitly stated we assume a game structure with one unique assertion specifying
the initial condition, we assume the system being winning if all initial states are
winning, and finally we assume the environment moves first. We will discuss
how the proposed techniques to solve the realizability problem can be adapted to
capture the different setting here discussed.

Building the game structure

Given an LTL specification ϕ =
(

V

ϕA∈ΓA
ϕA
)

−→
(

V

ϕG∈ΓG
ϕG
)

, being ΓA the as-
sumptions on the environment, and ΓG representing what the system will guaran-
tee if the environment behaves as assumed in ΓA, and two distinct sets E and S of
typed variables respectively controlled by the environment and by the system, we
can construct a game structure as follows (see also [7]).

Let us assume the sets ΓA (similarly ΓG) can be further decomposed in three dis-
joint subsets ΓI

A,ΓT
A ,Γψ

A such that ΓA = ΓI
A∪ΓT

A ∪Γψ
A , φ∈ ΓI

A iff φ is a propositional
formula characterizing the initial states of the design; φ ∈ ΓT

A iff φ is a formula of
the form φ = always ψ where ψ is a Boolean expressions over variables in E ∪S
and expressions of the form next v where v ∈ E (in the case of ΓT

G, we require
v ∈ E ∪S ); finally Γψ

A = ΓA \ (ΓI
A ∪ΓT

A), and Γψ
G = ΓG \ (ΓI

G ∪ΓT
G).

The game structure Gϕ = (E ,S ,Q,QE
0 ,QS

0 ,ρE ,ρS ,ϕG), can thus be constructed
starting from ϕ in such a way that QE

0 =
V

ψ∈ΓI
A

ψ ; QS
0 =

V

ψ∈ΓI
G

ψ; ρE =
V

ψ∈ΓT
A

τ(ψ);
ρS =

V

ψ∈ΓT
G

τ(ψ); ϕG = (
V

α∈Γψ
A

α) → (
V

α∈Γψ
G

α). Where τ is a translation replac-
ing each instance of next v by v′.

The game structure Gϕ = (E ,S ,Q,Q0,ρE ,ρS ,ϕG) with one unique initial condi-
tion can be easily obtained from Gϕ = (E ,S ,Q,QE

0 ,QS
0 ,ρE ,ρS ,ϕG) with separated

initial condition by enforcing Q0 = (QE
0 ∧QS

0 ).

The construction can even more be pushed by substituting each formula φ ∈ Γψ
A

with a corresponding deterministic Büchi automaton, thus adding the initial con-
dition and the transition relation of the Büchi automaton to Q0 and ρE respec-
tively, and using the acceptance condition as formula to replace φ. For instance,
for “always(p → eventually! q)” we add x ↔ 1 to Q0, we add x′ ↔ (q∨ x∧¬p)

to ρE , and we replace “always(p → eventually! q)” with “always eventually! x”.
Similar consideration apply also to any formula in Γψ

G. As claimed in [8] it is not
difficult to prove that this is a sound transition (see [8] for more details).

Once the game structure has been built, it is necessary to choose the interpretation
regarding the initial states and as consequence use the corresponding algorithm to
solve the problem.
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2.2 Solving games

The prevalent approaches to solve the realizability problem are those that aims
to solve the synthesis problem, which consists in constructing a winning strategy
for the system in a two player game. These approaches assume that the system
is realizable and attempt to build a winning strategy. If they fail in building it,
then the specification the game refers to is not realizable. Here we list some of
the approaches described in [7]. Then we analyze the problems that affect these
approaches.

Generalized Reactivity (1) games

Generalized Reactivity (1) games are a subset of LTL and PSL games where the
winning condition is of the form:

ϕ = (
m̂

i=1
always eventually! J1

i ) → (
n̂

j=1
always eventually! J2

j )

For such kind of games, the set of winning states can be computed with the fol-
lowing µ-calculus formula (We refer the reader to [7, 8] for more details):

WS = ν
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...

...

Zn


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
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


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
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




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









µY

(

m
_

i=1
νX(J2

1 ∧
gZ2 ∨ gY ∨¬J1

i ∧
gX)

)

µY

(

m
_

i=1
νX(J2

2 ∧
gZ3 ∨ gY ∨¬J1

i ∧
gX)

)

...

...

µY

(

m
_

i=1
νX(J2

n ∧
gZ1 ∨ gY ∨¬J1

i ∧
gX)

)



































Where, j⊕1 =( j mod n)+1, and gA = {〈e,s〉 | ∀e′.ρE (e,s,e′)→∃s′.ρS (e,s,e′,s′)∧
〈e′,s′〉 ∈ A}, i.e. a state q = 〈s,e〉 is included in gA if the system can force the play
to reach a state in A in one step, that’s regardless of how the environment moves in
q, the system can choose an appropriate move leading into A.

As claimed in [7, 8] this approach can solve realizability of LTL formulas in the
form that we discussed before in polynomial (cubic) time. In particular, given sets
of variables E , S whose set of possible valuations is Σ and an LTL formula ϕ with
m and n conjuncts, it is possible to determine using a symbolic algorithm whether
ϕ is realizable in time proportional to (nm | Σ |)3.
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Complete approach

The complete approach able to deal with a generic LTL or PSL formula ϕ has
been proposed in [13]. In [13], first a nondeterministic Büchi automaton Bϕ which
recognizes all the ω-words satisfying the LTL formula ϕ is constructed. This au-
tomaton is then determinized into a deterministic Rabin automata using the Safra
construction [16]. Finally, the resulting automaton is interpreted as a game and it
is checked for language emptiness: if the language is not empty the computation
provides a witness, which corresponds to a correct implementation of the given
specification. The game is solved in time nk being k the number of accepting pairs,
and n the number of states of the Rabin automaton. The double translation results
in a complexity which is double exponential in the size of the original formula
ϕ [13]. Apart from the complexity results described in [13], the main difficulty in
this approach is the intricacy of the Safra determinization construction.

Recently in [11] and also discussed in [7] has been presented a novel approach
avoiding the Safra construction to solve the synthesis problem. In this new au-
tomata based approach first, a nondeterministic Büchi word automaton for ¬ϕ is
constructed and translated into a universal co-Büchi tree automaton that recog-
nizes all trees containing only paths that satisfy ϕ. This translation demands the
first exponent of the complexity bound. Then, the tree automaton is translated
into an alternating weak tree automaton, from which a nondeterministic Büchi tree
automaton is built. The latter translation causes the second exponential blow-up.
Finally, language emptiness for this nondeterministic Büchi automaton is com-
puted. If the language is not empty the computation provides a witness, which
corresponds to a correct implementation of the given specification.

2.3 Problems
The approaches described previously and also presented in [7] can tackle the prob-
lem of realizability and synthesis for the linear fragment of PSL. They are com-
plete, in the sense that if the specification is not realizable, then they can detect
this since they are not able in this case to synthesize a winning strategy and thus a
corresponding digital design. They are monolithic, that’s they consider the whole
specification without even considering that the problem of unrealizability can for
instance reside in particular parts of the specification (e.g. in the constraints spec-
ifying the initial conditions). These approaches assume the specification being
realizable and try to synthesize a winning strategy since those algorithms have
been thought with synthesis in mind. Moreover, even though the Generalized Re-
activity (1) approach [8] is cubic in the size of the specification, and the complete
approach can avoid the use of the intricate Safra construction [16] the doubly ex-
ponential complexity is still there.

Thus, it turns out to be of extreme importance to be able to detect a priori, before
starting the synthesis process, whether the specification is realizable or unrealiz-
able. These checks can also be incomplete, in the sense that they can provide the
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specification writer a better understanding of the possibility the specification being
realizable, not the certainty. Once he or her is confident the specification being
realizable, he or she can start the computationally heavy process of synthesis.

For these reasons we investigate in the following sufficient conditions for realiz-
ability and unrealizability that will be of help to the specification writer to detect
early and efficiently whether the specification is realizable or unrealizable without
applying the complete approaches aiming to synthesize the design.

Last but not least, whenever a specification turns out to be unrealizable, the ap-
proaches aiming to synthesize the design are usually not able to provide the spec-
ification writer useful debugging information on the reason why the specification
is unrealizable. They can be used to synthesize a winning strategy for the envi-
ronment that can be used in an interactive simulation by the specification writer.
However, since the starting point is a specification, the specification would benefit
of debugging information in terms of specification, as to make it easy to detect
where the problem resides. In the following we will also investigate this aspect,
and we will try to identify what would be possible useful debugging information.
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3 Checking Unrealizability by
bounded search

The previous section showed that the realizability problem has the same complex-
ity as the synthesis problem: in the worst case it is doubly exponential. Thus, it is
of great importance to find sufficient conditions that will allow to detect that the
specification is unrealizable before really starting the synthesis.

In this section we provide some sufficient conditions for unrealizability.

3.1 Sufficient condition for Unrealizability
Let us consider a game structure G = (E ,S ,Q,Q0,ρE ,ρS ,ϕ). As we have seen
in previous section all the plays induced by a winning strategy must be infinite.
Thus, the environment can make the system lose by enforcing finite runs, e.g. by
forcing the system to reach a state from which the system cannot move anymore,
that’s the environment can force the system to a deadlock state. This intuition can
be formalized and generalized by saying that a game G is unrealizable if the set of
initial states Q0 is empty, or if for some initial state 〈e0,s0〉 ∈ Q0 the environment
has a strategy to force the system to reach a system-deadlock state in k steps.

Definition 2 (System-Deadlock States) For a game structure G =

(E ,S ,Q,Q0,ρE ,ρS ,ϕ), the set of system-deadlock states DLS is the set of
those states from which the environment can choose such values for its variables
that the system will not be able to satisfy its transition relation ρS .

DLS = {〈e,s〉 | ∃e′.ρE (e,s,e′)∧∀s′.ρS (e,s,e′,s′) → /0}

The following theorem captures the fact that the ability of the environment to force
a system-deadlock state in a finite number of steps is sufficient condition for unre-
alizability.

Theorem 3 A game G = (E ,S ,Q,Q0,ρE ,ρS ,ϕ) is unrealizable if Q0 = /0 or if
there exists k ≥ 0 such that for some initial state the environment has a strategy to
force the system to reach a system-deadlock state in k steps. That’s one among (1)
and (2) conditions below is satisfied.

∀e0s0.〈e0,s0〉 6∈ Q0 (1)

Research Report on Property Realizability Checking Unrealizability by bounded
search • 11



∃k ≥ 0.∃e0s0.〈e0,s0〉 ∈ Q0,such that
∃e1.ρE (e0,s0,e1)∧∀s1.ρS (e0,s0,e1,s1) →

·· ·

∃ek.ρE (ek−1,sk−1,ek)∧∀sk.ρ(ek−1,sk−1,ek,sk) →

〈ek,sk〉 ∈ DLS

(2)

If k = 0 this means that one of the initial state is a system-deadlock state.

3.2 Checking Unrealizability of Games using BDDs
The unrealizability problem of a game G can be solved using BDD techniques. If
all the constraints and transition relations are represented in the form of BDD then
the algorithm to check unrealizability of a game G can be written as a function:

1 function IsUnrealizableBdd(G)
2 if (Q0 = /0) then return true;
3 else
4 Deadlock = /0;
5 while (Deadlock∧Q0 = /0) do
6 Deadlock =
7 Deadlock∨∃e′.ρE (e,s,e′)∧∀s′.ρS (e,s,e′,s′) → Deadlock′

8 done
9 return true;

10 fi;
11 end

Algorithm 1: Unrealizability check of games using BDDs.

This function returns true if the specification is unrealizable. In the body the first
condition to be checked is the emptiness of initial states, which is the first condi-
tion that makes the problem unrealizable. Deadlock is a predicate over variables
e and s, representing the states from which the system can be forced to reach
system-deadlock states in DLS , i.e. from which the system cannot guarantee to run
infinitely long. Deadlock′ is obtained from Deadlock by substituting all variables
e and s by e′ and s′, respectively. Initially Deadlock is empty set. At very iteration
a new state 〈e,s〉 is added to Deadlock if there are such values for environment
variables that for any values of system variables satisfying ρS the system always
reaches Deadlock states computed so far. Note that after first iteration the value of
Deadlock is DLS . The algorithm stops as soon as Deadlock states include any of
the initial states Q0.

As it can be seen from definition (1) and (2) the above algorithm returns true only
if the problem is unrealizable because the environment can force the system into a
system-deadlock state.
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If the environment cannot force the system into a system-deadlock state the algo-
rithm as described does not terminate. This situation is very similar to the Bounded
Model Checking [5] where the design is assumed to be buggy and the search aims
to prove this by looking for a counterexample. However, if no counterexample is
found BMC cannot infer whether the design is not buggy.

To make the algorithm terminate it is necessary to check at each iteration whether
Deadlock changes. If no new states are added to Deadlock then we can exit from
the while loop and return unknown to indicate that we cannot say that the game is
unrealizable.

For a safety game the above algorithm can be slightly modified to make it com-
plete. If at line 4 the initial value for the Deadlock is ¬A, where A is the safety
condition, then the algorithm will compute all the states from which the environ-
ment can eventually force a step to ¬A or DLS states. Therefore, the algorithm will
return true if and only if the game is unrealizable.

1 function IsSa f etyUnrealizableBdd(G)
2 if (Q0 = /0∨Q0 6⊆ A) then return true;
3 else
4 Deadlock = ¬A;
5 while (Deadlock∧Q0 = /0) do
6 Deadlock =
7 Deadlock∨∃e′.ρE (e,s,e′)∧∀s′.ρS (e,s,e′,s′) → Deadlock′

8 done
9 return true;

10 fi;
11 end

Algorithm 2: Unrealizability check of safety games using QBF.

3.3 Checking Unrealizability of Games using QBF
The algorithm described in the previous section can be written in the form suit-
able for being submitted to a QBF solver such as YQUAFFLE [17], SKIZZO [2],
QUANTOR [4], QUBE [9].

Let’s define the formulas Dead path[k](e0 ,s0,e1,s1, . . . ,ek,sk) as

Dead path[1](e0 ,s0,e1,s1) = ρE (e0,s0,e1)∧ (ρS (e0,s0,e1,s1) → /0)

Dead path[2](e0 ,s0,e1,s1,e2,s2)

= ρE (e0,s0,e1)∧ (ρS (e0,s0,e1,s1)→Dead path[1](e1 ,s1,e2,s2))

. . .

Dead path[k](e0,s0, . . . ,ek,sk)

= ρE (e0,s0,e1)∧ (ρS (e0,s0,e1,s1) → Dead path[k−1](e1,s1, . . . ,ek,sk))
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Intuitively, Dead path[k](e0,s0,e1,s1, . . . ,ek,sk) represents a k-step run of a game
from a state 〈e0,s0〉 to a state where the system violates ρS .

To solve unrealizability problem it is necessary to check whether the initial states
are empty, i.e.

∀e0s0.¬Q0(e0,s0) (3)

or whether the environment can force the system to reach the system-deadlock
state from some of the initial states Q0. So at every iteration k (beginning from 1)
the following formula is computed:

∃e0s0. ∃e1∀s1.∃e2∀s2. . . .∃ek∀sk.

Q0(e0,s0)∧Dead path[k](e0,s0,e1,s1, . . . ,ek,sk)
(4)

The operation is performed until the formula becomes true which means that the
problem is unrealizable.

Note that the above formula defines exactly the same formulas as formulas (1) and
(2) on page 12 with the only difference that all quantifiers are moved outside of the
propositional part of the formulas and put at the beginning.

Thus the algorithm described in previous section can be implemented using a QBF
solver instead of BDDs as in algorithm 3.

1 function IsUnrealizableQb f (G)
2 if (∀e0,s0.¬Q0) then return true; fi
3 foreach (k in 0,1, . . .) do
4 if (∃e0s0.
6 ∃e1.∀s1.
8 ∃e2.∀s2.

10 . . .
12 ∃ek∀sk
14 Q0(e0,s0)∧Dead path[k](e0,s0, . . . ,ek,sk)
16 ) then return true; fi
17 done
18 end

Algorithm 3: Unrealizability check using QBF.

3.4 Approximation in checking Unrealizability using QBF
In QBF solving usually the more alternations of quantifiers are in a formula – the
more difficult it is to solve the formula. Trying to optimize checking the unreal-
izability, one of the possible approaches can be to approximate the formula (4) by
moving all existential quantifiers outside. So the formula become

∃e0s0. ∃e1∃e2 . . .∃ek. ∀s1∀s2 . . .∀sk.

Q0(e0,s0)∧Dead path[k](e0,s0, . . . ,ek,sk)
(5)
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If this formula is true then the environment have a sequence e1,e2, . . . ,ek of val-
ues such that independent of the system moves the environment at every step k
can consecutively choose values ek for its variables thereby forcing the system to
system-deadlock states.

Solving the formula (5) can be easier that solving (4). Moreover, (5) can be con-
verted to a simpler SAT problem. Assume that φ(x,y) is boolean formula in CNF
form. Any formula of the form ∀y.φ(x,y) is equivalent to φ′(x), where φ′ is ob-
tained from φ by removing all literals y and ¬y from all clauses (note that an empty
clause is false). Therefore, (5) can be easily converted to a pure SAT problem with
k less variables.

The formula (5) is a coarse approximation of (4) because the environment has to
make all its moves without knowing what moves the system has already made. If
the approximation does not give an answer, a finer (but more difficult to solve) ap-
proximation can be tried. For that let’s allow the environment to choose in advance
only k/2 moves instead of all k moves as in (5). So the formula becomes:

∃e0s0. ∃e1∃e2 . . .∃ek/2.∀s1∀s2 . . .∀sk/2.∃ek/2+1 . . .∃ek. ∀sk/2+1 . . .∀sk.

Q0(e0,s0)∧Dead path[k](e0,s0, . . . ,ek,sk)
(6)

If the formula is still not true the number of quantifier alternations can be in-
creased. In such a way the formula may degenerate to the original form (4).

This alternative algorithm with approximation to solving the unrealizability prob-
lem using QBF solvers can be represented as algorithm 4.

1 function IsUnrealizableQb f Approximation(G)
2 foreach (k in 0,1, . . .) do
3 foreach (i in k,k/2,k/4, . . . ,1) do
4 if (∃e0s0. ∃e1 . . .∃ei. ∀s1 . . .∀si.
5 ∃ei+1 . . .∃e2∗i. ∀si+1 . . .∀s2∗i.
6 . . .
7 ∃ek−i+1 . . .∃ek. ∀sk−i+1 . . .∀sk.
8 Q0(e0,s0)∧Dead path[k](e0,s0, . . . ,ek,sk)
9 ) then return true; fi;

10 done
11 done
12 end

Algorithm 4: Approximated unrealizability check using QBF.

The external loop increases the number of steps the game can make to reach the
system-deadlock state. The internal loop tries to solve different approximations of
formula (4), beginning from the most coarse and easy to solve (the formula (5))
and gradually increasing the number of quantifier alternations. In the worse case
the original formulas (4) has to be solved.
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3.5 Checking Unrealizability of Büchi Games
Let us consider a Büchi game G = (E ,S ,Q,Q0,ρE ,ρS ,ϕ) where ϕ defines a set
of fairness conditions F0, . . . ,Fn, each of which should be satisfied infinitely many
times during the game plays. The system can lose the Büchi game if from all states
of at least one of the fairness conditions Fi the environment can force the system
to reach a system-deadlock state. This sufficient condition for unrealizability can
be captured with the following theorem.

Theorem 4 A Büchi game G = (E ,S ,Q,Q0,ρE ,ρS ,ϕ) where ϕ defines a set of
fairness conditions F0, . . . ,Fn is unrealizable if

∃k ≥ 0.

∃ j.0 ≤ j < n.

∀e0s0.Fj(e0,s0) →

∃e1.ρE (e0,s0,e1)∧∀s1.ρS (e0,s0,e1,s1) →

·· ·

∃ek.ρE (ek−1,sk−1,ek)∧∀sk.ρ(ek−1,sk−1,ek,sk) →

〈ek,sk〉 ∈ DLS

(7)

All the algorithms previously introduced can be easily modified for checking the
truth of the formula (7). It is just necessary to add a most internal loop that for
a given k at every iteration j will check whether all states satisfying F j may lead
to system-deadlock states. The BDD algorithm 1 described on page 12 adapted to
deal with the above theorem is algorithm 5.

1 function IsBuchiUnrealizableBdd(G)
2 if (Q0 = /0) then return true;
3 else
4 Deadlock = /0;
5 while (Deadlock∧Q0 = /0) do
6 foreach (i in 0, . . . ,n) do
7 if (Fi ∧Deadlock = Fi) then
8 return true;
9 fi

10 done
11 Deadlock =
12 Deadlock∨∃e′.ρE (e,s,e′)∧∀s′.ρS (e,s,e′,s′) → Deadlock′

13 done
14 return true;
15 fi;
16 end

Algorithm 5: Unrealizability check of Büchi games using BDDs.

While, the corresponding algorithm based on QBF approximation described on
page 14 will be algorithm 6.
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1 function IsBuchiUnrealizableQb f Approximation(G)
2 foreach (k in 0,1, . . .) do
3 foreach (i in k,k/2,k/4, . . . ,1) do
4 if (∃e0s0. ∃e1 . . .∃ei. ∀s1 . . .∀si.
5 ∃ei+1 . . .∃e2∗i. ∀si+1 . . .∀s2∗i.
6 . . .
7 ∃ek−i+1 . . .∃ek. ∀sk−i+1 . . .∀sk.
8 Q0(e0,s0)∧Dead path[k](e0,s0, . . . ,ek,sk)
9 ) return true; fi

10 foreach ( j in 0,1, . . . ,n) do
11 if (∀e0s0. ∃e1 . . .∃ei. ∀s1 . . .∀si.
12 ∃ei+1 . . .∃e2∗i. ∀si+1 . . .∀s2∗i.
13 . . .
14 ∃ek−i+1 . . .∃ek. ∀sk−i+1 . . .∀sk.
15 Fj(e0,s0)∧Dead path[k](e0,s0, . . . ,ek,sk)
16 ) then return true; fi
17 done
18 done
19 done
20 end

Algorithm 6: Approximated unrealizability check of Büchi games using QBF.

3.6 Condition on initial states

In the framework considered so far, the environment chooses an initial state since a
game is unrealizable for the system if at least from one initial state the environment
can force the system to reach a system-deadlock state. Thus in the condition at the
initial states in formula (2) the quantifiers of both the system and the environment
variables are existential.

In an alternative setting, as explained in section 2.1, the system may be able to
choose an initial state. In this case, the problem becomes unrealizable only if from
all initial states the environment can force the system to reach the system-deadlock
states. In this setting, in the formula (2) the line specifying the condition on the
initial state

∃k ≥ 0.∃e0s0.〈e0,s0〉 ∈ Q0,such that

will became
∃k ≥ 0.∀e0s0.〈e0,s0〉 ∈ Q0, implies

Similarly, the condition at line 5 in the function IsUnrealizableBdd at page 12 will
become while (Deadlock∧Q0 6= Q0).

In the QBF approach, the quantifiers for e0 and s0 will be fixed to ∀e0∀s0. Thus,
in the approximated QBF approach these quantifiers have to be shifted together
with all other universal quantifiers in the formula. The propositional part of the
formulas will be modified to

Q0(e0,s0) → Dead path[k](e0 ,s0, . . . ,ek,sk)
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An alternative definition of the game structure may assume the initial condition
Q0 being splitted in two constraints QE

0 (e) and QS
0 (e,s) specifying respectively the

initial condition for the environment and for the system. In this setting, at first,
the environment chooses the initial values for its variables e such that QE

0 (e) is
satisfied. Then, the system chooses its part of the initial state such that QS

0 (e,s) is
satisfied. In this case the quantifiers on initial values e0 and s0 will be ∃e0∀s0 and
the condition on the initial state will be QE

0 ∧ (QS
0 → Dead path). Again all the

above algorithms can be easily modified to capture this definition. For instance,
the condition at line 5 in the function isUnrealizableBdd at page 12 will become
while (¬∃e.QE

0 (e)∧ (∀s.QS
0 (e,s) → Deadlock)).
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4 Checking Realizability of
Safety Games by induction

In this section we focus on safety games, and we provide specialized algorithms to
answer the realizability problem for all those specifications that can be reduced to
safety games.
By the definition a safety game G = (E ,S ,Q,Q0,ρE ,ρS ,ϕ) with the winning con-
dition ϕ specified by the safety condition A is a game such that each state of plays
has to satisfy A.

4.1 Environment-deadlock states
In this section we assume that the environment transition relation ρE is a partial
function, and therefore the environment may have environment-deadlock states
which are the counterpart of the notion of system deadlock states. The formal
definition of environment-deadlock states is as follows.

Definition 3 (Environment-Deadlock) For a game G = (E ,S ,Q,Q0,ρE ,ρS ,ϕ),
the set of environment-deadlock states DLE is defined as

DLE = {〈e,s〉 | ¬∃e′.ρE (e,s,e′)}

Intuitively this means that in an environment-deadlock state 〈e,s〉 ∈ DLE the envi-
ronment cannot make a move, i.e. it cannot find an e′ such that ρE (e,s,e′) holds.
We assume that all the environment-deadlock states are winning for the system,
since the environment “dies” in these states. As result the definition of a play
winning for the system given on page 5 has to be extended. In this setting a play is
also winning for the system if it is finite, satisfies winning condition ϕ and its last
state is an environment-deadlock state.

4.2 Fixed point approach to Realizability of Safety Games
The algorithm 2 on page 12 can be easily adapted to check for realizability of
safety game G as to obtain algorithm 7.
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1 function IsSa f etyGameRealizableBdd(G)
2 if (Q0 = /0∨Q0 6⊆ A)return f alse; fi
3 Sa f e = A;
4 while (Q0 → Sa f e) do
5 Sa f eprevious = Sa f e;
6 Sa f e = Sa f e∧∀e′.ρE (e,s,e′) →∃s′.ρS (e,s,e′,s′)∧Sa f e′

7 if (Sa f eprevious = Sa f e)return true; fi
8 done
9 return f alse;

10 end

Algorithm 7: Realizability of a safety game.

In this algorithm, the variable Sa f e is the complement of Deadlock in the original
algorithm, and initially equal to A, i.e. a set of allowed states. If at some iteration
some of the initial states Q0 is not in Sa f e then for this initial states the environ-
ment can force the system to reach the system-deadlock states or states satisfying
¬A. This means that the game is unrealizable, and therefore f alse is returned.
Otherwise, at some iteration the value of Sa f e will not change with respect to the
previous iteration and thus a fixed point has been reached. At the end of the loop
the value of Sa f e will include all the states which are environment-deadlock or
from which regardless of the environment moves the system can always force a
step back to Sa f e states, i.e. stay infinitely long in states satisfying A. In this case
the game is realizable, and therefore, true is returned.

For safety games the algorithm 7 will always terminate and report whether the
game is realizable or unrealizable.

4.3 Approximation in Realizability of Safety Games
The algorithm 7 relies on the computation of a fixed point and it computes all states
where the system wins, i.e. all those states where the system can avoid system-
deadlock and ¬A states infinitely long or force the environment to environment-
deadlock states.

To check the realizability of a safety game there is no need to compute the whole
set of system winning states. Indeed, a subset may be enough. Let us define
the safe states set Sa f eStates ⊆ A such a subset of states that independent of the
environment moves the system can stay in this subset infinitely long, or force the
environment to environment-deadlock states.

Definition 4 (Safe States) For a game G = (E ,S ,Q,Q0,ρE ,ρS ,ϕ), the system
safe states set Sa f eStates is defined as

Sa f eStates = {〈e,s〉 ∈A | ∀e′ .ρE (e,s,e′)→∃s′.ρS (e,s,e′,s′)∧〈e′,s′〉 ∈ Sa f eStates}
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If the set of states Sa f eStates exists and includes all initial states Q0 then the game
is realizable.

Theorem 5 For a safety game GA, if exists Sa f eStates 6= /0 and Q0 ⊆ Sa f eStates,
then GA is realizable.

The set of safe states can potentially be given from outside: a user may provide
this set as a guess; or some external tool using specific knowledge about the prob-
lem may infer the set of states. An externally provided candidate for Sa f eStates
can easily be checked for being an actual system safe states set by the following
function:

1 function IsSa f eStates(G,Sa f eStates)
2 return Sa f eStates ⊆ A∧
3 ∀e,s.Sa f eStates →∀e′.(ρE (e,s,e′) →∃s′.ρS (e,s,e′,s′)∧Sa f eStates′)
4 end

Algorithm 8: Check for safe state condition.

where Sa f eStates′ is obtained from Sa f eStates by substituting variables s′ and e′

for s and e, respectively.

The algorithm 7 computes the greatest Sa f eStates. In the rest of this section we
describe and analyze several algorithms aiming to compute some such Sa f eStates
set.

Approximation A

The first approximation algorithm (algorithm 9) builds the set Sa f eStates by adding
at every iteration k such states that regardless of environment moves the system go
back to the starting state in k steps. In this algorithm Sa f e plays the role of the

1 function IsSa f etyGameRealizableBdd A(G)
2 if (Q0 = /0∨Q0 6⊆ A)return f alse; fi
3 Sa f e = /0;
4 Path = e∗=e∧ s∗=s;
5 while (Q0 6⊆ Sa f e) do
6 Pathprevious = Path;
7 Path = A∧∀e′.ρE (e,s,e′) →∃s′.ρS (e,s,e′,s′)∧ (Sa f e′∨Path′)
8 if (Pathprevious = Path)return unknown; fi
9 Sa f e = Sa f e∨∃〈e∗,s∗〉.e∗ = e∧ s∗ = s∧Path

10 done
11 return true;
12 end

Algorithm 9: Realizability of a safety game: approximation A.
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candidate safe states set. The candidate set of system safe states is initialized
to be the empty set. At every iteration k the set Path is a set of pairs of states
〈〈e,s〉,〈e∗,s∗〉〉 satisfying the safety condition A and such that state 〈e,s〉 is the
environment-deadlock state, or independent of the environment moves the system
can go from state 〈e,s〉 to state 〈e∗,s∗〉 in k steps, or in fewer number of steps reach
already computed Sa f e sets. The set Sa f e is a set of states 〈e,s〉. At every iteration
Sa f e is augmented by such states that the system can go back to the same state in
k steps or in one step reach Sa f e computed at previous iteration. The sets Sa f e ′

and Path′ are obtained from Sa f e and Path, respectively, by substituting variables
s′ and e′ for s and e, respectively.
As soon as Sa f e includes initial states Q0 the algorithm terminates with true since
the game is realizable. Otherwise at some iteration the fixed point in the computa-
tion of Path will be reached, which means that the algorithm was not able to find
a system safe states set big enough to encompass initial states, and it is unknown
whether the game is realizable or not.
The apparent weakness of this algorithm is that when the loops in the game plays
are computed it is assumed then the system has to return exactly to the same state
the loop starts from. In specifications the system does not usually have the full
control and thus it cannot guarantee which individual states are reached in a next
step, but only which subset of states can be reached. As result, the algorithm can
often be too weak to find a big enough set of safe states.

Approximations B and C

The Theorem 5 says that a safety game GA is realizable if the found set of safe
states encompasses all the initial states. We can exploit this theorem considering
the set of initial states as a candidate for a safe states set. Then iteratively some
new states can be added to the candidate until the set built in this way satisfies the
condition of being a safe states set.
Different heuristics can be thought of for adding new states to the candidate system
safe states set. Among those, one of the possible way consists in adding those
states from which the system for sure reaches the initial states. The intuition behind
this approach is that if a safe states set is augmented with new states from which
the system can reach the given safe states set then the set remains to be a system
safe states set. The algorithm that uses this heuristic is the algorithm 10 below.
The weakness of this algorithm is that it can show the realizability of a game only
if starting in any of the initial states the system can always go back to initial states.
This is quite a strong constraint for specification, and therefore the algorithm may
not be able to deal with many problems.
Algorithm 10 can be strengthened by considering new states for the candidate
not only from those states from which the system can reach the initial states, but
also those states that allow the system to make a one step loop. The line 5 in
algorithm 10 must be modified as follows

NewStates = A∧∀e′.ρE (e,s,e′) →∃s′.ρS (e,s,e′,s′)∧ (Sa f e′∨ (s = s′∧ e = e′));
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1 function IsSa f etyGameRealizableBdd B(G)
2 if (Q0 = /0∨Q0 6⊆ A)return f alse; fi
3 Sa f e = Q0;
4 while (¬IsSa f eStates(G,Sa f e)) do
5 NewStates = A∧∀e′.ρE (e,s,e′) →∃s′.ρS (e,s,e′,s′)∧Sa f e′;
6 Sa f eprevious = Sa f e;
7 Sa f e = Sa f e∨NewStates;
8 if (Sa f eprevious = Sa f e)return unknown; fi
9 done

10 return true;
11 end

Algorithm 10: Realizability of a safety game: approximation B.

An even stronger solution can be obtained by the combination of the methods “A”
and “B”. At each iteration k the candidate for a safe states set will be augmented
with states from which the system can reach the initial states in k steps or make a
loop in k steps.

1 function IsSa f etyGameRealizableBdd C(G)
2 if (Q0 = /0∨Q0 6⊆ A)return f alse; fi
3 Sa f e = Q0;
4 Path = e∗=e∧ s∗=s;
5 while (¬IsSa f eStates(G,Sa f e)) do
6 Pathprevious = Path;
7 Path = A∧∀e′.ρE (e,s,e′) →∃s′.ρS (e,s,e′,s′)∧ (Sa f e′∨Path′)
8 if (Pathprevious = Path)return unknown; fi
9 NewStates = ∃〈e∗,s∗〉.e∗ = e∧ s∗ = s∧Path

10 Sa f e = Sa f e∨NewStates;
11 done
12 return true;
13 end

Algorithm 11: Realizability of a safety game: approximation C.

This method still have the drawback inherent in method A, i.e. to perform a loop
run outside of initial states the system has to be able to go back exactly to the same
state the loop starts from, which may be too constrictive to determine realizability
of most practical specifications.

Approximation D

A further alternative to the previous methods consists in constructing a safe states
set “optimistically” and then in removing the states which violates the definition
of a safe states set.

Let’s starts with the initial states as a candidate Sa f e for the system safe states
set. At every iteration this set will be augmented with all possible successors. It is

Research Report on Property Realizability Checking Realizability of Safety Games by
induction • 23



quite likely that the obtained set will not be a safe states set. Then it is necessary to
removes “bad” states, i.e. the states from which the environment can force a step
outside or system-deadlock states:

Bad = Sa f e∧∃e′.ρE (e,s,e′)∧∀s′.ρS (e,s,e′,s′) →¬Sa f e′

It is also necessary to remove all the states from which the environment can reach
the bad states. If the obtained set still has all the initial states then the game is
realizable. Otherwise the removed states are restored and the iteration is repeated.
The algorithm implementing this heuristic is the algorithm 12 below.

1 function IsSa f etyGameRealizableBdd D(G)
2 if (Q0 = /0∨Q0 6⊆ A)return f alse; fi
3 Sa f e = Q0;
4 Sa f eprevious = /0;
5 while (Sa f e 6= Sa f eprevious) do
6 Bad = Sa f e∧∃e′.ρE (e,s,e′)∧∀s′.ρS (e,s,e′,s′) →¬Sa f e′

7 Badprevious = /0;
8 while (Bad 6= Badprevious) do
9 Badprevious = Bad;

10 NewBad = Sa f e∧∃e′.ρE (e,s,e′)∧∀s′.ρS (e,s,e′,s′) → Bad ′;
11 Bad = Bad∨NewBad;
12 done;
13 if (Bad ∧Q0 = /0)return true; fi
14 NewSa f e = ∃e′,s′.Sa f e′∧ρE(e′,s′,e)∧ρS (e′,s′,e,s)∧A;
15 Sa f eprevious = Sa f e;
16 Sa f e = Sa f e∨NewSa f e;
17 done
18 return f alse;
19 end

Algorithm 12: Realizability of a safety game: approximation D.

As in previous programs, Bad ′ and Sa f e′ are obtained from Bad and Sa f e, respec-
tively, by substituting e′ and s′ for e and s. Note that when the successors for Sa f e
are computed at line 14 of algorithm 12 current 〈e,s〉 and next states 〈e′,s′〉 are
switched in the transition relations ρE and ρS . The internal loop computes all the
“bad” states for a given Sa f e, and when the fixed point is reach and bad states still
do not include any of initial states then the game is realizable. The external loop
increases the Sa f e, i.e. the states reachable from initial states Q0. If the fixed point
has been reached then all reachable states have been checked and there is no safe
states set big enough. As result for some initial states the environment always can
force the system to a system-deadlock state of a state satisfying ¬A, i.e. the game
is unrealizable.

This algorithm always terminates and returns true if the game is realizable, and
f alse if the game is unrealizable similarly to the algorithm 7 on page 20.

However, the two algorithms differ. Algorithm 12 performs the search of the sys-
tem safe states set forward, while the algorithm 7 proceeds backwards.

Let’s assume that for a particular safety game there exists a relatively small safe
states set around, or equal to, the initial states, and both algorithms try to find
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out whether the game is realizable. The algorithm 7 will have to compute all the
system safe states and the number of iterations will be equal to the path length to
a system-deadlock or ¬A state from the farthest state. The algorithm 12, on the
other hand, computes reachable states and potentially reaches the safe states set
instantly or in a few number of iterations. Then the internal loop removes all the
states which violate the definition of a safe states set; operation that can potentially
be performed in a small number of steps.

For these reasons, we can claim that the algorithm 12 can be more efficient than
the algorithm 7 in determining the realizability of a safety game if it is expected
that having a big number of states in total there exists a relatively small set of safe
states reachable from the initial states in small number of steps.

4.4 Condition on initial states
The same way as in section 3 the algorithms described in this section assume that
the initial states are chosen by the environment, i.e. the game is realizable only if
from all the initial states not leaving A the system can survive infinitely long or
force the environment to reach the environment-deadlock states. As it is explained
in section 2.1, depending on the specification the system also may have the rights
to choose the initial states or the system and the environment each chooses subparts
of initial states. The original algorithm 7, algorithms “A” and “D” of this section
can be easily adapted for any of such definitions.

If it is the system who chooses the initial states then condition on initial states (line
2 in the algorithms) will be

if (Q0 ∧A = /0)return f alse; fi

The condition controlling the loop in the original algorithm 7 on page 20 will
become

while (Q0 ∧Sa f e 6= /0) do

Similar way the loop condition of the algorithm “A” on page 21 will be

while (Q0 ∧Sa f e = /0) do

In algorithm “D” it will be necessary to change the line returning true:

if (Q0 ∧¬Bad 6= /0)return true; fi

Similar way, if the initial states are constrained by two constraints QE
0 (e) and

QS
0 (e,s) (i.e. at first, the environment chooses the initial values for its variables

e such that QE
0 (e) is satisfied, and then the system chooses its part of the initial

state such that QS
0 (e,s) is satisfied) then the algorithms change the following way.
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In all the algorithms the condition on the initial states (line 2) will be

if (∃e.QE
0 ∧∀s.¬(QS

0 ∧A))return f alse; fi

The loop condition in the original algorithm 7 will be

while (∀e.QE
0 →∃s.QS

0 ∧Sa f e) do

In algorithm “A” the condition on the loop will become

while (∃e.QE
0 ∧∀s.QS

0 →¬Sa f e) do

In algorithm “D” the line returning true has to be changed to:

if (∀e.QE
0 →∃s.QS

0 ∧¬Bad)return true; fi

and Q0 will mean QE
0 ∧QS

0 .
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5 Debugging information
In Verification and in particular in Model Checking, whenever a design does not
satisfy a specification a counterexamples is produced. The counterexamples is an
execution of the design that shows why the system does not satisfy the correspond-
ing property, and thus can be used by the designer to correct the design.

In previous sections we described several algorithms to check for (un)realizability,
however the problem of producing and then showing the designer useful debugging
information that can be used to correct the specification is still open. It has to be
noticed that it is very important to show a specification writer the reason why the
specification he wrote is unrealizable.

The aim of this section is to identify possible debugging information for the case
of realizability and describe how to show them to the user in the most effective
way.

5.1 Useful debugging information
For a generic game structure deriving from a given specification Γ, to demonstrate
that the specification is unrealizable, that’s there is no winning strategy for the
system to win the corresponding game, we can generate a strategy for the environ-
ment. That’s we can run any of the algorithms developed for solving the synthesis
problem with the goal of synthesizing a strategy for the environment. Once this
strategy for the environment has been synthesized, it can be interactively simulated
by asking the designer to set the values for the system variables, or alternatively
this strategy can be used to generate traces that satisfy the environment but that
violate the system specification. Thus, in this setting the strategy plays the role of
counterexamples in verification.

The major drawback of this approach is that the results, i.e. the strategy for the
environment, may be not useful for helping the designer understand where the
problem is in the specification. Indeed, the specification is a set of properties, and
the designer may expect the debugging information being at the property level.

In Propositional satisfiability when a formula is unsatisfiable, it is often required
to find a propositional unsatisfiable core – that is, a small unsatisfiable subset of
the formula’s clauses. Localizing a small unsatisfiable core is necessary to deter-
mine the underlying reasons for the failure. A minimal unsatisfiable core is a such
unsatisfiable core that it becomes satisfiable whenever any one of its clauses is
removed.
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In Section 2 it has been shown that a necessary condition for realizability is that the
specification must be logically consistent. Thus, if the specification is not consis-
tent then similarly to the pure propositional case we can identify an unsatisfiable
core and a minimal unsatisfiable core. For an inconsistent specification ϕ given in
the form of assumptions on the environment ΓA and guarantees of the system ΓG,
i.e.

ϕ =

(

^

ϕA∈ΓA

ϕA

)

−→

(

^

ϕG∈ΓG

ϕG

)

an unsatisfiable core is a such set Γ′
G ⊆ ΓG that a specification ϕ′

ϕ′ =

(

^

ϕA∈ΓA

ϕA

)

−→

(

^

ϕG∈ΓG
′

ϕG

)

is still inconsistent. A minimal unsatisfiable core is an unsatisfiable core such
that removing any ϕG ∈ ΓG

′ from ΓG
′ would make ϕ′ consistent. Intuitively, ΓG

′

represents a subset of the specification that cause unsatisfiability and thus also
unrealizability.

Note that an unsatisfiable core consists only of the components of ΓG and does not
take into account ΓA. This is done so because weakening the assumptions on the
environment, i.e. removing components of ΓA, cannot make an unsatisfiable (unre-
alizable) specification ϕ be a satisfiable (realizable) one. As an example, consider
an unsatisfiable (unrealizable) specification ϕ =

(

V

ϕA∈ΓA
ϕA
)

−→
(

V

ϕG∈ΓG
ϕG
)

If
weakening the assumptions on the environment is done to an extreme level, i.e.
ΓA is substituted by a constant true, the specification ϕ = true −→

(

V

ϕG∈ΓG
ϕG
)

nevertheless remains unsatisfiable (unrealizable).

Dually to unsatisfiability, the specification ϕ can be trivially realizable if the as-
sumptions on the environment are unsatisfiable. Indeed, in this case the specifica-
tion reduces to the constant true. This case must be identified, and the user must
be informed. In this case, what we are interested in is identifying the minimal
unsatisfiable core of the assumptions ΓA.

The concept of unsatisfiable core can be generalized to realizability, defining the
concept of unrealizable core, that’s a small unrealizable subset ΓG

′ of the speci-
fication, and the minimal unrealizable core as the unrealizable core ΓG

′ such that
removing any of its component ϕG the resulting specification ϕ becomes realizable.
The (minimal) unrealizable core will inform the designer of the (minimal) subset
of the specification that is the cause of the unrealizability, thus he can concentrate
on this subset and possibly fix it and make the whole specification realizable.

5.2 Computing the Minimal Unrealizable Core
The most straightforward algorithm to find a minimal unrealizable (unsatisfiable)
core of an unrealizable (unsatisfiable) specification ϕ is to iteratively remove com-
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ponents of the system guarantee ΓG such that the specification remains unreal-
izable. As soon as any further removing would make the specification realiz-
able (satisfiable) a minimal unrealizable core is found. Algorithm 13 depicts a
schematic algorithm for identifying an unrealizable core of a given specification
ϕ =

V

ϕA∈ΓA
ϕA −→

V

ϕG∈ΓG
ϕG. In this algorithm the input parameters are the set of

1 function FindMinimalUnrealizableCore(ΓA ,ΓG)
2 ΓG

′ = /0;
3 while (ΓG

′ 6= ΓG) do
4 ΓG

′ = ΓG;
5 foreach ϕG ∈ ΓG do
6 ΓG = ΓG \ϕG;
7 if (IsRealizable(ΓA,ΓG)) ΓG = ΓG ∪ϕG; fi
8 done;
9 done;

10 return ΓG;
11 end

Algorithm 13: Computing the Minimal Unrealizable Core

assumption on the environment ΓA and set of the guarantees of the system ΓG. The
returned result is the minimal unrealizable core. Note that for a given specification
there can be several minimal unrealizable (unsatisfiable) core. In this document
we do not study the possibility of finding the smallest unrealizable (unsatisfiable)
core.

The algorithm 13 can be used also to compute a minimal unrealizable core for a
single set of requirements, i.e. if the specification does not contain assumptions on
the environment ΓA. In this case it suffices to set parameter ΓA of the algorithm
to /0.

Section 2.1 explains how the set ΓG is decomposed in three disjoin subsets ΓI
G, ΓT

G,
Γψ

G which correspond to the constraints on initial states, the constraints on the tran-
sition relation and all the remaining constraints, respectively. During computation
of the minimal unrealizable core, only one of these constraints sets can be taken
into account, i.e. components of only one constraint set are tried to be removed.
This modification of the algorithm can be useful if a specification writer would like
to check only one of these subset of ΓG for being the cause of unrealizability and is
confident in the remaining subsets. For example, for a Büchi game a specification
writer may be curious which of the fairness conditions results in unrealizability,
having the constraints on the initial states and the transition relation intact.

5.3 Changing initial conditions
According to the definition of winning game structure given on page 6, a game
structure is not winning if some initial states are not winning for the system. In
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this case the specification can be unrealizable because its initial states are under-
constrained. Adding additional constraints to the set of initial states may make the
specification realizable. Such an assumption can be easily checked by changing
the definition of a winning game and allowing the system to choose initial states.
If after such a change the game structure becomes realizable the algorithms can
return the subset of initial states which are winning for the system. Having this
information a specification writer may be able to add to the original specification
the additional constraints on the initial states and thus fix the problem.

5.4 Computing environment strategy for unrealizable

games

The general case

The algorithms described in Section 2.2 generate a winning strategy for realiz-
able games. The same algorithms can be easily modified to synthesize a winning
strategy for the environment in the case of unrealizable games.

In the general approach, we negate the specification, invert the role of system and
environment, generate the game and look in the new built game for a winning
strategy for the environment aiming to satisfy the negation of the specification.

In the Generalized Reactivity (1) approach, a strategy for the environment can be
extracted by changing the quantification schedule in the generalized image com-
putation used in the presented algorithm. Then store the intermediate results of
the computation and use these intermediate results to build the strategy for the
environment.

We are not going to present more details on how to extract the strategy for the envi-
ronment in the general since it has been thoroughly discussed in [7]. For additional
details we refer the reader to [7].

Strategy obtained by approximation algorithms

In Section 3 we showed several algorithms which could identify that a game G is
unrealizable if it is forced to reach a system deadlock state. Thus, to demonstrate
the specification being unrealizable we can generate the strategy for the environ-
ment to reach the system-deadlock states.

For the algorithm 1 based on BDD representation on page 12 (and its adapta-
tion for realizability of safety games algorithm 2 on page 13 and Büchi games
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algorithm 5 on page 16) the strategy can be constructed if the consecutive val-
ues of Deadlock (respectively, negations of Sa f e) at every iteration are re-
membered. Such a sequence Deadlock0, . . . ,Deadlockn−1 has a property that
Deadlocki ⊂ Deadlocki+1. For every state in Deadlocki (0 < i < n) the environ-
ment has such a move that there is no valid move for the system or the system
will inevitably move to states in Deadlocki−1. Deadlock0 is empty or ¬A for
the safety condition A of a safety game. Deadlockn−1 = Deadlock includes ini-
tial states or states of a fairness condition for a Büchi game. To obtain the strategy
from sequence Deadlock0, . . . ,Deadlockn−1 it is necessary to construct a sequence
NewDeadlock1, . . . ,NewDeadlockn−1 such that for 0 < i < n, NewDeadlocki =

Deadlocki ∧¬Deadlocki−1, i.e. the sequence of the new states with respect to the
previous Deadlocki. The new sequence has a property that for every state from
NewDeadlocki the environment can reach a state from Deadlocki−1 in one step
and all NewDeadlocki are disjoint. Therefore the strategy can be given as a for-
mula over variables e,s,e′:

StrategyE =
n−1
_

i=1
NewDeadlocki ∧ρE(e,s,e′)∧∀s′.ρ(e,s,e′,s′) → Deadlock′i−1

For any state 〈e,s〉 ∈ Deadlock the environment should choose a move e′ such
that StrategyE (e,s,e′) holds, which is always possible by the construction of
StrategyE . In this case the system in a finite number of steps will inevitably reach
a situation when there is no system move s′ satisfying ρS or the state 〈e′,s′〉 ∈ ¬A
for a safety game with safety condition A.

For the algorithms that use QBF solvers the strategy cannot be constructed because
typically QBF solvers do not return explicit representations of Deadlock states
or solutions of QBF problems. The only available information is the number of
iterations, i.e. number of steps required for the environment to reach the system-
deadlock states.

It is possible that a game is expected to be unrealizable but the algorithm shows
that the system can avoid the system-deadlock states. Or for any other reason
a specification writer would like to know how the system can avoid the system-
deadlock states. In this case for the BDD based algorithms a strategy for the system
can be reported:

StrategyS = Sa f e∧ρE (e,s,e′)∧ρ(e,s,e′,s′)∧Sa f e′

where Sa f e = ¬Deadlock. For the given state 〈e,s〉 ∈ Sa f e, and the envi-
ronment move e′ satisfying ρE the system should choose a move s′ satisfying
StrategyS (e,s,e′,s′). In that case the system will be able to avoid the system-
deadlock states infinitely long.
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5.5 Other useful debugging information

Input determinism

For a given requirements specification it can be important for a specification writer
to know whether the specification suffer from input nondeterminism [10] or not,
i.e. whether for every winning play satisfying the specification every move of the
system is not completely determined by the environment moves. Input nondeter-
minism of a realizable specification may result in the existence of more than one
winning strategy. And it might be the case that some of these strategies are less de-
sirable for the specification writer than the others. The need to choose one among
the possible winning strategies can be due, for example, to some non-functional
requirements such as the difficulty in implementing some of the strategies, or the
difficulty of specifying, synthesizing and implementing other components which
are connected to the specified one. Thus, it turns out to be important to inform
the specification writer that the specification he or she wrote suffers from input
nondeterminism.

Formally, a requirements specification ϕ (a game structure G) is input deterministic
iff for every two plays σ0 : 〈eσ0

0 ,sσ0
0 〉,〈eσ0

1 ,sσ0
1 〉, . . . and σ1 : 〈eσ1

0 ,sσ1
0 〉,〈eσ1

1 ,sσ1
1 〉, . . .

satisfying the specification (winning for the system) the equality of all the cor-
responding environment moves of these two plays implies the equality of the all
corresponding system moves, i.e.

ϕ |= ∀σ0σ1.∀n ≥ 0.

((

n̂

i=0
eσ0

i = eσ1
i

)

−→ sσ0
n = sσ1

n

)

A specification (a game structure) is input nondeterministic if it is not input deter-
ministic.

Different algorithms can be thought of to perform checking for input determinism.
The problem can be performed using classical CTL model checking algorithms
over the Fair Kripke structure recognizing the same language of ϕ obtained for
instance with the conversion specified in [1].

Knowing that the specification is input nondeterministic the specification writer
can try to remove nondeterminism by strengthening the system guarantee of the
specification. It is worth noticing that, these additional constraints can make the
search for a winning strategy even harder (remember that in the worst case the syn-
thesis algorithms are doubly exponential on the size of the specification). However,
if the additional constraints are simple enough the algorithms that extracts a win-
ning strategy can possibly easily be modified to apply these additional constraints
to the strategy, without thus impacting too much on the overall performances.

Note also that if the strategy covering all the possible winning behavior of the sys-
tem is available then the check for existence of multiple strategies (this is exactly
the main purpose of checking for nondeterminism) can be easily performed on the
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strategy itself. It is just necessary to check that for some reachable state 〈e,s〉, the
condition

∀e′,s′0,s
′
1.((StrategyS (e,s,e′,s′0)∧StrategyS (e,s,e′,s′1)) → s′0 = s′1)

holds. If it does not hold and the required additional constraints on the system
guarantee are simple enough then these constraints are added directly to the strat-
egy thus making it input deterministic. In this respect, it has to be noticed that
all the algorithms described in Section 2.2 as well as some of the new algorithms
described in this document (such as algorithms 7 and 12) can build the strategy
that include all the winning behaviors of the system.

Output causality and requirements redundancy

Another debugging information that could be of help while writing a requirements
specification is the identification of redundant requirements that do not add addi-
tional constraints to the specification and requirements without the output causal-
ity, i.e. the requirements that do not affect the behavior of output signals. Note
that output causality is a weaker property than redundancy, since any redundant
requirement does not affect the behavior of the system’s signals.

To detect whether a requirement ϕi ∈ ϕ is redundant we can simply check whether

(ϕ\{ϕi}) ↔ ϕ

is valid. In this case the requirement ϕi does not add further constraints to ϕ and
thus it is redundant.

The check for output causality, i.e. that a particular constraint ϕi ∈ϕ does not affect
the behavior of output signals, can be performed by comparison of the strategies.
If for realizable specifications ϕ and ϕ\{ϕi} the strategies are the same then con-
straint ϕi does not affect the behavior of the system. We remark that the strategy
can be constructed by any of the algorithms described in Section 2.2.

Constructing a strategy is a very hard problem and using incomplete but more effi-
cient approaches can be more practical. For instance we could adapt the Cone Of
Influence (COI) technique used in model checking [3] as to use it in this setting.
A schematic representation of COI method is provided in algorithm 14. Given the
original specification ϕ and a set of input E and output S signals the algorithm
returns an over-approximation of the constraints which influence the behavior of
the system, i.e. signals S . Vars is a set of signals that can potentially influence
the output signals. Its initial value is a set of all output signals. COI is a set of
constraints that influence the output signals. At the beginning the set is empty. At
every iteration the new constraints to be added to COI are those which reference
the signals from Vars. The signals mentioned in these newly found constraints
(Deps(ϕi)) are added to Vars. The algorithm always terminates by one of the fol-
lowing two reasons: all the constraints in ϕ are found to be potentially influencing
the output signals (condition at line 4), or the unprocessed constraints in ϕ refer
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1 function FindRealizabilityCOI(ϕ,E ,S)
2 Vars = S ;
3 COI = /0;
4 while (ϕ 6= /0) do
5 COInew = {ϕi ∈ ϕ | ∃v ∈Vars. and v ∈ Deps(ϕi)};
6 Varsnew = {v | ∃ϕi ∈COInew. and v ∈ Deps(ϕi)};
7 if (COInew = /0)break; fi
8 ϕ = ϕ\COInew;
9 COI = COI∪COInew;

10 Vars = Vars∪Varsnew ;
11 done;
12 return COI;
13 end

Algorithm 14: Cone Of Influence of a realizability specification.

only to the signals which cannot influence and cannot be influenced by the output
signals (condition at line 7). The output value COI can be used as a substitute
for ϕ but with proper care. First, if a removed constraint ϕi ∈ (ϕ \COI) belongs
to the environment assumptions ΓE then this constraint can potentially cause an
environment-deadlock. Without this constraint ϕi the realizable specification may
become unrealizable. The second reason is that if a constraint ϕi ∈ (ϕ \COI)
belongs to the system guarantee ΓS then removing the constraint may make un-
realizable specification realizable. The reason is that if a constraint is in a set
(ϕ \COI) then the system cannot influence on this constraint, i.e. cannot control
system guarantee. Quite likely the presence of such constraints indicate a bug in
the specification.

Deadlock of the system and the environment

Even though the emptiness of initial states set as well as deadlocks of the system
or the environment are not typically intended by a specification writer they may
be the cause of realizability or unrealizability of a game. Therefore such situations
should be checked and reported to the specification writer explicitly.

As it is explained in Section 2.1 for a realizable game the initial states set has to be
not empty, i.e. Q0 6= /0. Violation of this requirement should be reported to the user.
This requirement is for the case when only the system or only the environment
chooses an initial state. In the case when they both control corresponding subparts
of an initial state the requirement changes. It is necessary to check that for any
environment initial move satisfying QE

0 the system can always choose such initial
values for its variables that QS

0 is satisfied, i.e. ∀e.(QE
0 →∃s.QS

0 ). Of course, if this
condition is violated the game becomes unrealizable because the environment can
always “kill” the system at the initial states, choosing such values for its variables
that the system will not be able to make a move and satisfy QS

0 .

In the Definition 2 on page 11 of the system-deadlock states we showed that un-
realizability of a game may be due to the system being in deadlock, i.e. the en-
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vironment may force the system to reach a system-deadlock state q ∈ DLS where
with a proper environment move the system will not be able to make its own move
thereby making the game unrealizable. Similarly, the realizability of a game can
be due to the environment deadlock states DLS (See Definition 3 on page 19). If
the deadlocks of the system or of the environment are not expected by a speci-
fication writer it is worth to check whether the deadlocks can be forced by the
other player. For the system-deadlock states this check can be done by perform-
ing unrealizability check of a safety game with safety condition ϕ = True. For
the environment-deadlock states it is necessary to check realizability of so called
reachability game with False goal condition, i.e. ϕ = False. These checks can be
done by the algorithms (or slight modification of algorithms) described in Sections
3 and 4.

If both checks fail it does not mean that the deadlock states are always avoided.
It just means that the system (the environment) can have a strategy to avoid its
deadlock states. Nevertheless, a deadlock can potentially be reached. To be sure
that deadlock states can never be reached it is necessary to perform a usual model
checking analysis of reachability of DLE ∪DLS states. This can be done, for ex-
ample, with the following algorithms:

1 function IsGameDeadlockFree(G)
2 DL = DLE ∨DLS ;
3 DLprevious = /0;
4 while (DLprevious 6= DL) do
5 DLprevious = DL;
6 DL = DL∨ (∃e′s′.(ρE (e,s,e′)∧ρS (e,s,e′,s′)∧DL′));
7 if (DL∧Q0 6= /0)return unknown; fi
8 done
9 return true;

10 end

Algorithm 15: Reachability of deadlock states.
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6 Conclusions
We have presented several approaches aiming to solve the realizability and unreal-
izability problem by checking sufficient conditions for realizability or unrealizabil-
ity, thus avoiding the application of the complete approaches based on synthesis
that assume the specification being realizable and try to synthesize a digital design.

All the approaches discussed in this document form a palette of functionalities to
be integrated in the RAT [6] Requirements Analysis Tool developed within the
PROSYD project (http://rat.itc.it).

The tool, possibly guided by heuristics or by the specification writer will apply the
most appropriate technique. Whenever the specification result to be unrealizable,
then the tool will provide useful debugging information to help the specification
writer to correct the specification.

Once there is evidence that the specification is realizable, then the synthesis algo-
rithms described in [7] can be applied to synthesize a digital design satisfying the
specification.
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